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General Equilibrium

• So far, we explored equilibrium conditions in:

– a single market with

– a single type of consumer.

• Now we examine settings with markets for:

– different goods and 

– multiple consumers.



General Equilibrium: No Production

• Consider an economy with two goods and two 
consumers, 𝑖 ∈ {1,2}.

• Each consumer 𝑖 is initially endowed with 𝐞𝑖 ≡

(𝑒1
𝑖 , 𝑒2

𝑖 ) units of goods 1 and 2.

• Any other bundle for consumer 𝑖 is denoted by 

𝐱𝑖 ≡ (𝑥1
𝑖 , 𝑥2

𝑖 ).



General Equilibrium: No Production

• Edgeworth box:



General Equilibrium: No Production

• 𝐼𝐶𝑖 is the indifference 
curve of consumer 𝑖, 
which passes through 
his endowment point 
𝐞𝑖.

• The shaded area 
represents the set of 
allocations (𝐱1, 𝐱2) 
satisfying

𝑢1(𝑥1
1, 𝑥2

1) ≥ 𝑢1(𝑒1
1, 𝑒2

1)
𝑢2(𝑥1

2, 𝑥2
2) ≥ 𝑢2(𝑒1

2, 𝑒2
2)



General Equilibrium: No Production

• Allocation 𝐴 cannot be 
a barter equilibrium 
(defined formally 
below):

– Consumer 1 prefers his 
endowment 𝐞1 to his 
bundle at 𝐴 (𝐴 lies 
below 𝐼𝐶1), so he does 
not trade to 𝐴.



General Equilibrium: No Production

• Not all points in the lens-shaped area are barter equilibria!

• Allocation 𝐵 lies inside the 
lens-shaped area
– Thus, it yields a higher utility 

level than the initial endowment 
𝐞 for both consumers.



General Equilibrium: No Production

• Allocation 𝐷, however, 
makes both consumers 
better off than 
allocation 𝐵.

– It lies on the contract 
curve, in which the 
indifference curves are 
tangent to one another.



General Equilibrium: No Production

• Allocation 𝐷 is an 
equilibrium: it lies in 
the lens (no consumer 
prefers his endowment) 
and no Pareto 
improvement is 
possible.



General Equilibrium: No Production

• Being in the lens-
shaped area is then a 
necessary, but not 
sufficient, condition for 
an allocation to be a 
barter equilibrium.



General Equilibrium: No Production

• Feasible allocation: 

– An allocation 𝐱 ≡ (𝐱1, 𝐱2, … , 𝐱𝐼) is feasible if it 
satisfies 

σ𝑖=1
𝐼 𝐱𝑖 ≤ σ𝑖=1

𝐼 𝐞𝑖 

– In words, the aggregate amount of goods in 
allocation 𝐱 does not exceed the aggregate initial 

endowment 𝐞 ≡ σ𝑖=1
𝐼 𝐞𝑖.



General Equilibrium: No Production

• Pareto-efficient allocations: A feasible allocation 
𝐱 is Pareto efficient if there is no other feasible 
allocation 𝐲 which is:

– weakly preferred by all consumers, 𝐲𝑖 ≿𝑖 𝐱𝑖  for all 𝑖 ∈
{1, … , 𝐼}, and

– strictly preferred by at least one consumer, 𝐲𝑖 ≻𝑖 𝐱𝑖 
for some 𝑖.



General Equilibrium: No Production

• That is, allocation 𝐱 is Pareto efficient if there is 
no other feasible allocation 𝐲 making:

– all individuals at least as well off as under 𝐱, and

– at least one individual strictly better off.



General Equilibrium: No Production

• Pareto-efficient allocations:

– Consider the program

max
𝐱1,…,𝐱𝐼≥𝟎

𝑢𝑖(𝐱𝑖)

s. t.  𝑢𝑗(𝐱𝑗) ≥ 𝑢
𝑗
 for every 𝑗 ≠ 𝑖, and

෍

ℎ=1

𝐼

𝐱ℎ ≤ ෍

ℎ=1

𝐼

𝐞ℎ  (feasibility)

– where 𝐱𝑖 ≡ (𝑥1
𝑖 , 𝑥2

𝑖 ).



General Equilibrium: No Production

• With strictly increasing utilities, an allocation 
(𝐱1, … , 𝐱𝐼) is Pareto efficient if and only if it 

solves this program for some levels 𝑢
𝑗
, 𝑗 ≠ 𝑖; 

varying 𝑢
𝑗
 traces out the set.

• That is, a Pareto-efficient allocation maximizes 
individual 𝑖’s utility without reducing the utility of 

any other individual 𝑗 below a given level 𝑢
𝑗
, and 

satisfies feasibility.



General Equilibrium: No Production

• The Lagrangian is

ℒ = 𝑢𝑖(𝐱𝑖) + ෍

𝑗≠𝑖

𝜆𝑗[𝑢𝑗(𝐱𝑗) − 𝑢
𝑗
]

+ ෍

𝑘=1

2

𝜇𝑘[෍

ℎ=1

𝐼

𝑒𝑘
ℎ − ෍

ℎ=1

𝐼

𝑥𝑘
ℎ]

– where 𝜇𝑘 is the multiplier on the feasibility constraint 
of good 𝑘, so we have one multiplier for each good.



General Equilibrium: No Production

• FOC with respect to 𝐱𝑖 = (𝑥1
𝑖 , 𝑥2

𝑖 ):
𝜕ℒ

𝜕𝑥𝑘
𝑖

=
𝜕𝑢𝑖(𝐱𝑖)

𝜕𝑥𝑘
𝑖

− 𝜇𝑘 ≤ 0

– for every good 𝑘 of consumer 𝑖.

• For any individual 𝑗 ≠ 𝑖, the FOCs become
𝜕ℒ

𝜕𝑥𝑘
𝑗

=
𝜆𝑗𝜕𝑢𝑗(𝐱𝑗)

𝜕𝑥𝑘
𝑗

− 𝜇𝑘 ≤ 0



General Equilibrium: No Production

• FOCs with respect to 𝜆𝑗 and 𝜇𝑘 yield 𝑢𝑗(𝐱𝑗) ≥ 𝑢
𝑗
 

and σℎ=1
𝐼 𝑥𝑘

ℎ ≤ σℎ=1
𝐼 𝑒𝑘

ℎ, respectively.

• Interior solutions: the FOCs of consumer 𝑖 hold 
with equality,

𝜕𝑢𝑖(𝐱𝑖)

𝜕𝑥1
𝑖

= 𝜇1 and 
𝜕𝑢𝑖(𝐱𝑖)

𝜕𝑥2
𝑖

= 𝜇2



General Equilibrium: No Production

• Dividing the first condition by the second,
𝜕𝑢𝑖(𝐱𝑖)

𝜕𝑥1
𝑖

𝜕𝑢𝑖(𝐱𝑖)

𝜕𝑥2
𝑖

=
𝜇1

𝜇2

• Similarly, for every consumer 𝑗 ≠ 𝑖,
𝜆𝑗𝜕𝑢𝑗(𝐱𝑗)

𝜕𝑥1
𝑗

= 𝜇1 and 
𝜆𝑗𝜕𝑢𝑗(𝐱𝑗)

𝜕𝑥2
𝑗

= 𝜇2



General Equilibrium: No Production

• Dividing the first condition by the second, 𝜆𝑗 
cancels out,

𝜕𝑢𝑗(𝐱𝑗)

𝜕𝑥1
𝑗

𝜕𝑢𝑗(𝐱𝑗)

𝜕𝑥2
𝑗

=
𝜇1

𝜇2

• Both ratios are equal to 𝜇1/𝜇2.



General Equilibrium: No Production

• Hence, a compact condition for Pareto efficiency 
is

𝑀𝑅𝑆1,2
𝑖 =

𝜇1

𝜇2
= 𝑀𝑅𝑆1,2

𝑗

– for every consumer 𝑗 ≠ 𝑖.

• Graphically, consumers’ indifference curves are 
tangent to one another at the Pareto-efficient 
allocations.



General Equilibrium: No Production

• Example 6.5 (Pareto efficiency):

– We now call the two consumers 𝐴 and 𝐵.

– Consider a barter economy with two goods, 1 and 2, 
and two consumers, 𝐴 and 𝐵, with initial endowments

𝐞𝐴 = (100,350) and 𝐞𝐵 = (100,50)

– Each consumer’s utility function is Cobb-Douglas,

𝑢𝑖(𝑥1
𝑖 , 𝑥2

𝑖 ) = 𝑥1
𝑖 𝑥2

𝑖  for every 𝑖 ∈ {𝐴, 𝐵}

– Let us find the set of Pareto efficient allocations.



General Equilibrium: No Production

• Example 6.5 (continued):

– Pareto efficient allocations are reached at points 

where 𝑀𝑅𝑆1,2
𝐴 = 𝑀𝑅𝑆1,2

𝐵 . Hence,

𝑀𝑅𝑆1,2
𝐴 = 𝑀𝑅𝑆1,2

𝐵 ,  that is,
𝑥2

𝐴

𝑥1
𝐴 =

𝑥2
𝐵

𝑥1
𝐵

– or, cross-multiplying,
𝑥2

𝐴𝑥1
𝐵 = 𝑥2

𝐵𝑥1
𝐴
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• Example 6.5 (continued):

– Using the feasibility constraints for goods 1 and 2 
(feasibility binds because utility is strictly increasing),

𝑒1
𝐴 + 𝑒1

𝐵 = 𝑥1
𝐴 + 𝑥1

𝐵

𝑒2
𝐴 + 𝑒2

𝐵 = 𝑥2
𝐴 + 𝑥2

𝐵

– we obtain
𝑥1

𝐵 = 𝑒1
𝐴 + 𝑒1

𝐵 − 𝑥1
𝐴

𝑥2
𝐵 = 𝑒2

𝐴 + 𝑒2
𝐵 − 𝑥2

𝐴
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• Example 6.5 (continued):

– Combining the tangency condition and the feasibility 
constraints yields

𝑥2
𝐴(𝑒1

𝐴 + 𝑒1
𝐵 − 𝑥1

𝐴) = (𝑒2
𝐴 + 𝑒2

𝐵 − 𝑥2
𝐴)𝑥1

𝐴

– Expanding both sides,
𝑥2

𝐴(𝑒1
𝐴 + 𝑒1

𝐵) − 𝑥1
𝐴𝑥2

𝐴 = 𝑥1
𝐴(𝑒2

𝐴 + 𝑒2
𝐵) − 𝑥1

𝐴𝑥2
𝐴



General Equilibrium: No Production

• Example 6.5 (continued):

– The 𝑥1
𝐴𝑥2

𝐴 terms cancel, so

𝑥2
𝐴 =

𝑒2
𝐴 + 𝑒2

𝐵

𝑒1
𝐴 + 𝑒1

𝐵 𝑥1
𝐴 =

350 + 50

100 + 100
𝑥1

𝐴 = 2𝑥1
𝐴

– for all 𝑥1
𝐴 ∈ [0,200].
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• Example 6.5 (continued):

– The set of Pareto-efficient 
allocations is the diagonal of 
the Edgeworth box, 𝑥2

𝐴 =
2𝑥1

𝐴.

– It connects the origins of 
consumers 𝐴 and 𝐵, since 
the aggregate endowment is 
(200, 400).



General Equilibrium: No Production

• Blocking coalitions: Consider a nonempty 
coalition 𝑆 ⊆ {1, … , 𝐼}. We say that 𝑆 blocks the 
feasible allocation 𝐱 if there are bundles (𝐲𝑖)𝑖∈𝑆 
such that:

– (1) they are feasible for 𝑆:

෍

𝑖∈𝑆

𝐲𝑖 = ෍

𝑖∈𝑆

𝐞𝑖

– (2) 𝐲𝑖 ≿𝑖 𝐱𝑖 for all 𝑖 ∈ 𝑆, and 𝐲𝑖 ≻𝑖 𝐱𝑖 for some 𝑖 ∈ 𝑆.



General Equilibrium: No Production

• Core: The core of an exchange economy with 
endowment 𝐞, denoted 𝐶(𝐞), is the set of all 
unblocked feasible allocations.

• Equilibrium in a barter economy: An allocation is 
an equilibrium of the barter economy if it is in the 
core 𝐶(𝐞), the set of feasible allocations that no 
coalition blocks.



General Equilibrium: No Production

• Core allocations:

– a) leave no consumer worse off than at his 
endowment, since a single consumer would otherwise 
block (in the box: the lens, including its boundary);

– b) do not allow for further Pareto improvements (the 
grand coalition cannot block), so they lie on the 
contract curve.



General Equilibrium: No Production

• Example 6.5 (continued):

– The indifference curves 
through the endowment 
point form the lens-shaped 
(shaded) area.

– The core is the segment of 
the contract curve inside this 
area.



General Equilibrium: Competitive Markets

• The barter economy did not require prices for an 
equilibrium to arise.

• Now we explore the equilibrium in economies 
where we allow prices to emerge.

• Order of analysis:

– consumers’ preferences

– the excess demand function

– the equilibrium allocations in competitive markets 
(i.e., Walrasian equilibrium allocations)



General Equilibrium: Competitive Markets

• Consumers:

– Consider each consumer’s utility function to be 
continuous, strictly increasing, and strictly 
quasiconcave on ℝ+

𝐿 .

– Hence, for every price vector 𝐩 ≫ 𝟎, the UMP of 
every consumer 𝑖, with budget constraint

𝐩 ⋅ 𝐱𝑖 ≤ 𝐩 ⋅ 𝐞𝑖

– yields a unique solution, the Walrasian demand 
𝐱𝑖(𝐩, 𝐩 ⋅ 𝐞𝑖).



General Equilibrium: Competitive Markets

• A solution exists since the budget set is compact 
for 𝐩 ≫ 𝟎, and it is unique by strict 
quasiconcavity.

• 𝐱𝑖(𝐩, 𝐩 ⋅ 𝐞𝑖) is continuous in 𝐩 (theorem of the 
maximum).



General Equilibrium: Competitive Markets

– Intuitively, individual 𝑖’s income comes from 
selling his endowment 𝐞𝑖 at market prices 𝐩, 

producing  𝐩 ∙ 𝐞𝑖 = 𝑝1𝑒1
𝑖 + ⋯ + 𝑝𝐿𝑒𝐿

𝑖  dollars to be 
used in the purchase of bundle 𝐱𝑖.



General Equilibrium: Competitive Markets

• Excess demand:

– Summing the Walrasian demands 𝑥𝑘
𝑖 (𝐩, 𝐩 ⋅ 𝐞𝑖) for 

good 𝑘 of every individual in the economy, we obtain 
the aggregate demand for good 𝑘.

– The difference between the aggregate demand and 
the aggregate endowment of good 𝑘 yields the excess 
demand of good 𝑘:

𝑧𝑘(𝐩) = ෍

𝑖=1

𝐼

𝑥𝑘
𝑖 (𝐩, 𝐩 ⋅ 𝐞𝑖) − ෍

𝑖=1

𝐼

𝑒𝑘
𝑖

– where 𝑧𝑘(𝐩) ∈ ℝ.
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– When 𝑧𝑘 𝐩 > 0, the aggregate demand for 
good 𝑘 exceeds its aggregate endowment. 

▪ Excess demand of good 𝑘

– When 𝑧𝑘 𝐩 < 0, the aggregate demand for 
good 𝑘 falls short of its aggregate endowment. 

▪ Excess supply of good 𝑘



General Equilibrium: Competitive Markets

• Aggregate demand, aggregate endowment, and 
excess demand of good 𝑘 (other prices held fixed)



General Equilibrium: Competitive Markets

• The excess demand function 𝐳(𝐩) ≡
(𝑧1(𝐩), … , 𝑧𝐿(𝐩)) satisfies the following 
properties:

• Walras’ law: 𝐩 ⋅ 𝐳(𝐩) = 0.

– Since utility is strictly increasing, every consumer 
exhausts his income at every 𝐩 ≫ 𝟎,

෍

𝑘=1

𝐿

𝑝𝑘𝑥𝑘
𝑖 (𝐩, 𝐩 ⋅ 𝐞𝑖) = ෍

𝑘=1

𝐿

𝑝𝑘𝑒𝑘
𝑖
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• Walras’ law (continued):

– Equivalently, for every consumer 𝑖,

෍

𝑘=1

𝐿

𝑝𝑘[𝑥𝑘
𝑖 (𝐩, 𝐩 ⋅ 𝐞𝑖) − 𝑒𝑘

𝑖 ] = 0
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– Summing over all individuals,

σ𝑖=1
𝐼 σ𝑘=1

𝐿 𝑝𝑘 𝑥𝑘
𝑖 𝐩, 𝐩 ∙ 𝐞𝑖 − 𝑒𝑘

𝑖 = 0 

– We can re-write the above expression as

σ𝑘=1
𝐿 σ𝑖=1

𝐼 𝑝𝑘 𝑥𝑘
𝑖 𝐩, 𝐩 ∙ 𝐞𝑖 − 𝑒𝑘

𝑖 = 0 

which is equivalent to

σ𝑘=1
𝐿 𝑝𝑘 σ𝑖=1

𝐼 𝑥𝑘
𝑖 𝐩, 𝐩 ∙ 𝐞𝑖 − σ𝑖=1

𝐼 𝑒𝑘
𝑖

𝑧𝑘 𝐩

= 0 

– Hence, 

σ𝑘=1
𝐿 𝑝𝑘 ∙ 𝑧𝑘 𝐩 = 𝐩 ∙ 𝐳 𝐩 = 0 
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• In a two-good economy, Walras’ law implies
𝑝1𝑧1(𝐩) = −𝑝2𝑧2(𝐩)

• Intuition: if there is excess demand in market 1, 
𝑧1(𝐩) > 0, there must be excess supply in market 
2, 𝑧2(𝐩) < 0.



General Equilibrium: Competitive Markets

• Hence, if market 1 is in equilibrium, 𝑧1(𝐩) = 0, 
then so is market 2, 𝑧2(𝐩) = 0.

• More generally, if the markets of 𝐿 − 1 goods are 
in equilibrium, then so is the 𝐿th market (since 
𝑝𝐿 > 0, Walras’ law gives 𝑝𝐿𝑧𝐿(𝐩) = 0, so 
𝑧𝐿(𝐩) = 0).
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• Continuity: 𝐳(𝐩) is continuous at every 𝐩 ≫ 𝟎.

– This follows from individual Walrasian demands being 
continuous in prices.

• Homogeneity: 𝐳(𝜆𝐩) = 𝐳(𝐩) for all 𝜆 > 0.

– This follows from Walrasian demands being 
homogeneous of degree zero in prices.

– In other words, Walrasian demand is unaffected by a 
common change in prices, 𝜆, so the excess demand 
function is not affected either.



General Equilibrium: Competitive Markets

• In summary, the excess demand function satisfies 
three properties: Walras’ law, continuity, and 
homogeneity of degree zero.

• We now use excess demand to define a Walrasian 
equilibrium allocation.
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• Walrasian equilibrium:

– A price vector 𝐩∗ ≫ 𝟎 is a Walrasian equilibrium if 
aggregate excess demand is zero at that price vector, 
𝐳(𝐩∗) = 𝟎.

– In words, price vector 𝐩∗ clears all markets.

– Alternatively, 𝐩∗ ≫ 𝟎 is a Walrasian equilibrium if 
each consumer solves his UMP and aggregate demand 
equals aggregate supply,

෍

𝑖=1

𝐼

𝐱𝑖(𝐩∗, 𝐩∗ ⋅ 𝐞𝑖) = ෍

𝑖=1

𝐼

𝐞𝑖
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• The allocation
𝐱(𝐩∗) = (𝐱1(𝐩∗, 𝐩∗ ⋅ 𝐞1), … , 𝐱𝐼(𝐩∗, 𝐩∗ ⋅ 𝐞𝐼))

• is a Walrasian equilibrium allocation (WEA).

• 𝑊(𝐞) denotes the set of WEAs.
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• Existence of a Walrasian equilibrium:

– Under the assumptions on preferences above, and if 
the aggregate endowment is strictly positive, 
σ𝑖=1

𝐼 𝐞𝑖 ≫ 𝟎, the excess demand function 𝐳(𝐩):

• is continuous and homogeneous of degree zero, and 
satisfies Walras’ law;

• is bounded below; and

• satisfies a boundary condition: if some price 
approaches zero, excess demand for some good grows 
without bound.



General Equilibrium: Competitive Markets

• Existence of a Walrasian equilibrium 
(continued):

– Then, there is a price vector 𝐩∗ ≫ 𝟎 with 𝐳(𝐩∗) = 𝟎.

– See Mas-Colell, Whinston and Green (1995, 
Propositions 17.B.2 and 17.C.1); see also Varian 
(1992).
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• Uniqueness of equilibrium prices:

– The equilibrium price is unique when excess demand 
crosses zero only once.

– For instance, when all goods are gross substitutes: 
𝑧𝑘(𝐩) is increasing in 𝑝𝑗 for every 𝑗 ≠ 𝑘.



General Equilibrium: Competitive Markets

• Uniqueness of equilibrium prices:
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• Example 6.6 (Walrasian equilibrium allocation):

– Consider the economy in Example 6.5. Consumer 𝐴 
solves

max
𝑥1

𝐴,𝑥2
𝐴

𝑥1
𝐴𝑥2

𝐴

– subject to
𝑝1𝑥1

𝐴 + 𝑝2𝑥2
𝐴 = 100𝑝1 + 350𝑝2

– where the right side is the market value of his 
endowment, 𝐞𝐴 = (100, 350).
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• Example 6.6 (continued):

– The Lagrangian is
ℒ = 𝑥1

𝐴𝑥2
𝐴 + 𝜆𝐴[100𝑝1 + 350𝑝2 − 𝑝1𝑥1

𝐴 − 𝑝2𝑥2
𝐴]

– FOCs:
𝑥2

𝐴 = 𝜆𝐴𝑝1 and 𝑥1
𝐴 = 𝜆𝐴𝑝2

– Dividing the first FOC by the second,

𝑀𝑅𝑆1,2
𝐴 =

𝑥2
𝐴

𝑥1
𝐴 =

𝑝1

𝑝2

– or, rearranging,
𝑝1𝑥1

𝐴 = 𝑝2𝑥2
𝐴
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• Example 6.6 (continued):
– Substituting this into consumer 𝐴’s budget constraint 

yields
𝑝1𝑥1

𝐴 + 𝑝1𝑥1
𝐴 = 𝑝1 ∙ 100 + 𝑝2 ∙ 350

or  𝑥1
𝐴 = 50 + 175

𝑝2

𝑝1

which is consumer 𝐴’s Walrasian demand for good 1.

– Plugging this value back into 𝑝1𝑥1
𝐴 = 𝑝2𝑥2

𝐴 yields

𝑝1 50 + 175
𝑝2

𝑝1
= 𝑝2𝑥2

𝐴 

or  𝑥2
𝐴 = 175 + 50

𝑝1

𝑝2

which is consumer 𝐴’s Walrasian demand for good 2.
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• Example 6.6 (continued):

– Consumer 𝐵 solves the same problem, but with 
endowment 𝐞𝐵 = (100, 50):

max
𝑥1

𝐵,𝑥2
𝐵

𝑥1
𝐵𝑥2

𝐵

– subject to
𝑝1𝑥1

𝐵 + 𝑝2𝑥2
𝐵 = 100𝑝1 + 50𝑝2

– The Lagrangian is
ℒ = 𝑥1

𝐵𝑥2
𝐵 + 𝜆𝐵[100𝑝1 + 50𝑝2 − 𝑝1𝑥1

𝐵 − 𝑝2𝑥2
𝐵]



General Equilibrium: Competitive Markets

• Example 6.6 (continued):

– FOCs:
𝑥2

𝐵 = 𝜆𝐵𝑝1 and 𝑥1
𝐵 = 𝜆𝐵𝑝2

– Dividing the first FOC by the second,

𝑀𝑅𝑆1,2
𝐵 =

𝑥2
𝐵

𝑥1
𝐵 =

𝑝1

𝑝2

– or, rearranging,
𝑝1𝑥1

𝐵 = 𝑝2𝑥2
𝐵
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• Example 6.6 (continued):

– Substituting 𝑝1𝑥1
𝐵 = 𝑝2𝑥2

𝐵 into consumer 𝐵’s budget 
constraint yields

𝑝1𝑥1
𝐵 + 𝑝1𝑥1

𝐵 = 100𝑝1 + 50𝑝2

– or

𝑥1
𝐵 = 50 + 25

𝑝2

𝑝1

– which is consumer 𝐵’s Walrasian demand for good 1.



General Equilibrium: Competitive Markets

• Example 6.6 (continued):

– Plugging this value back into 𝑝1𝑥1
𝐵 = 𝑝2𝑥2

𝐵 yields

𝑝1(50 + 25
𝑝2

𝑝1
) = 𝑝2𝑥2

𝐵

– or

𝑥2
𝐵 = 25 + 50

𝑝1

𝑝2

– which is consumer 𝐵’s Walrasian demand for good 2.
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• Example 6.6 (continued):

– For good 1, the feasibility constraint is
𝑥1

𝐴 + 𝑥1
𝐵 = 100 + 100

– Substituting the Walrasian demands,

(50 + 175
𝑝2

𝑝1
) + (50 + 25

𝑝2

𝑝1
) = 200,  so 

𝑝2

𝑝1
=

1

2

– Plugging the relative prices into the Walrasian 
demands yields the WEA:

(𝑥1
𝐴∗, 𝑥2

𝐴∗; 𝑥1
𝐵∗, 𝑥2

𝐵∗;
𝑝1

𝑝2
) = (137.5,275; 62.5,125; 2)
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• Example 6.6 (continued):

– Where do these numbers come from? The feasibility 
constraint for good 1 simplifies to

100 + 200
𝑝2

𝑝1
= 200,  so 

𝑝2

𝑝1
=

1

2
 and 

𝑝1

𝑝2
= 2

– Plugging the price ratio into consumer 𝐴’s Walrasian 
demands:

𝑥1
𝐴 = 50 + 175(

1

2
) = 137.5

𝑥2
𝐴 = 175 + 50(2) = 275
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• Example 6.6 (continued):

– Similarly, for consumer 𝐵:

𝑥1
𝐵 = 50 + 25(

1

2
) = 62.5

𝑥2
𝐵 = 25 + 50(2) = 125

– The market for good 2 clears as well,
𝑥2

𝐴 + 𝑥2
𝐵 = 275 + 125 = 400 = 350 + 50

– as Walras’ law predicts.
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• Example 6.6 (continued):

– Initial allocation, 

– core allocation, and 

– Walrasian equilibrium 
allocations (WEA).
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• Example 6.6 (continued):

– Core allocations lie on the contract curve, 𝑥2
𝐴 = 2𝑥1

𝐴, 
where both consumers are at least as well off as at 
their endowments.

– Lower bound: consumer 𝐴 must reach his utility at 𝐞𝐴,
𝑢𝐴 = 𝑥1

𝐴(2𝑥1
𝐴) = 2(𝑥1

𝐴)2≥ 100 ⋅ 350 = 35,000

– which yields

𝑥1
𝐴 ≥ 17,500 ≈ 132.3,  so 𝑥2

𝐴 ≥ 264.6
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• Example 6.6 (continued):

– On the contract curve, consumer 𝐵’s bundle also lies 
on the ray from his origin,

𝑥2
𝐵 = 400 − 2𝑥1

𝐴 = 2(200 − 𝑥1
𝐴) = 2𝑥1

𝐵

– Upper bound: 𝐵 must reach his utility at 𝐞𝐵,
𝑢𝐵 = 𝑥1

𝐵(2𝑥1
𝐵) = 2(𝑥1

𝐵)2≥ 100 ⋅ 50 = 5,000

– which yields

𝑥1
𝐵 ≥ 2,500 = 50,  so 𝑥2

𝐵 ≥ 100
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• Example 6.6 (continued):

– Since consumer 𝐴 receives the rest of the aggregate 
endowment, the upper bound for consumer 𝐴 is

𝑥1
𝐴 = 200 − 𝑥1

𝐵 ≤ 200 − 50 = 150
𝑥2

𝐴 = 400 − 𝑥2
𝐵 ≤ 400 − 100 = 300
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• Example 6.6 (continued):

– Hence, the core is

132.3 ≤ 𝑥1
𝐴 ≤ 150,

 with 𝑥2
𝐴 = 2𝑥1

𝐴

– where consumer 𝐵 receives 
the rest of the endowment.

– The WEA, 𝑥1
𝐴 = 137.5, lies in 

the core.
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• Example 6.6 (continued):

– Consumer 𝐴: utility 137.5 × 275 = 37,812.5 at the 
WEA, and 100 × 350 = 35,000 at 𝐞𝐴,

𝑢𝐴(𝑊𝐸𝐴) = 37,812.5 > 35,000 = 𝑢𝐴(𝐞𝐴)

– Consumer 𝐵: utility 62.5 × 125 = 7,812.5 at the 
WEA, and 100 × 50 = 5,000 at 𝐞𝐵,

𝑢𝐵(𝑊𝐸𝐴) = 7,812.5 > 5,000 = 𝑢𝐵(𝐞𝐵)

– Both consumers gain from trade, as every core 
allocation requires.
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• Equilibrium allocations must be in the core:

– Under the assumptions on preferences above, every 
WEA is in the core, 𝑊(𝐞) ⊆ 𝐶(𝐞).

• Proof (by contradiction):

– Take a WEA 𝐱(𝐩∗) with equilibrium price 𝐩∗, but 
𝐱(𝐩∗) ∉ 𝐶(𝐞).

– Since 𝐱(𝐩∗) is a WEA, it must be feasible.
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• Proof (continued):

– If 𝐱(𝐩∗) ∉ 𝐶(𝐞), we can find a coalition 𝑆 and bundles 
(𝐲𝑖)𝑖∈𝑆 such that

𝑢𝑖(𝐲𝑖) ≥ 𝑢𝑖(𝐱𝑖(𝐩∗, 𝐩∗ ⋅ 𝐞𝑖)) for all 𝑖 ∈ 𝑆

– with strict inequality for at least one 𝑖 ∈ 𝑆,
𝑢𝑖(𝐲𝑖) > 𝑢𝑖(𝐱𝑖(𝐩∗, 𝐩∗ ⋅ 𝐞𝑖))
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• Proof (continued):

– Allocation 𝐲 is feasible for the coalition,

෍

𝑖∈𝑆

𝐲𝑖 = ෍

𝑖∈𝑆

𝐞𝑖

– Multiplying both sides of the feasibility condition by 
𝐩∗ yields

𝐩∗ ⋅ ෍

𝑖∈𝑆

𝐲𝑖 = 𝐩∗ ⋅ ෍

𝑖∈𝑆

𝐞𝑖
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• Proof (continued):

– Since 𝐱𝑖(𝐩∗, 𝐩∗ ⋅ 𝐞𝑖) maximizes 𝑢𝑖 on consumer 𝑖’s 
budget set, any bundle he strictly prefers costs more:
𝐩∗ ⋅ 𝐲𝑖 > 𝐩∗ ⋅ 𝐞𝑖  if 𝑢𝑖(𝐲𝑖) > 𝑢𝑖(𝐱𝑖(𝐩∗, 𝐩∗ ⋅ 𝐞𝑖))
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• Proof (continued):

– If 𝑢𝑖(𝐲𝑖) ≥ 𝑢𝑖(𝐱𝑖(𝐩∗, 𝐩∗ ⋅ 𝐞𝑖)) but 𝐩∗ ⋅ 𝐲𝑖 < 𝐩∗ ⋅ 𝐞𝑖, 
strict monotonicity gives an affordable bundle strictly 
better than 𝐱𝑖(𝐩∗, 𝐩∗ ⋅ 𝐞𝑖), a contradiction.

– Hence,
𝐩∗ ⋅ 𝐲𝑖 ≥ 𝐩∗ ⋅ 𝐞𝑖 for all 𝑖 ∈ 𝑆

– with strict inequality for at least one 𝑖 ∈ 𝑆.
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• Proof (continued):

– Hence, summing over all consumers in the 
coalition 𝑆, we obtain

𝐩∗ ∙ σ𝑖∈𝑆 𝐲𝑖 > 𝐩∗ ∙ σ𝑖∈𝑆 𝐱𝑖 𝐩∗, 𝐩∗ ⋅ 𝐞𝑖 = 𝐩∗ ⋅ σ𝑖∈𝑆 𝐞𝑖  

which contradicts  𝐩∗ ∙ σ𝑖∈𝑆 𝐲𝑖 = 𝐩∗ ⋅ σ𝑖∈𝑆 𝐞𝑖.

– Therefore, all WEAs must be part of the core, i.e., 
𝐱(𝐩∗) ∈ 𝐶 𝐞
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• Remarks:

– Since a WEA exists (existence result above) and every 
WEA is in the core, the core is nonempty.

– All core allocations are Pareto efficient (the grand 
coalition cannot block a core allocation): we cannot 
increase the welfare of one consumer without 
decreasing that of at least one other consumer.

– Hence, all WEAs (which are part of the core) are also 
Pareto efficient.
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• First welfare theorem: Under the assumptions on 
preferences above (strictly increasing utility is the 
key one; local nonsatiation is enough), every WEA 
is Pareto efficient.

– Every WEA is in the core (previous result), and no core 
allocation can be Pareto dominated, since the grand 
coalition would block it.
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• First welfare theorem (continued):

– The WEA lies in the core (the segment of the contract 
curve within the lens-shaped area).

– The core is a subset of the set of Pareto efficient 
allocations.
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• First welfare theorem
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• Second welfare theorem:

– Under the assumptions on preferences above, let 𝐱 ≫
𝟎 be a Pareto-efficient allocation.

– Let 𝐩∗ ≫ 𝟎 be the price vector with
𝑝1

∗

𝑝2
∗

= 𝑀𝑅𝑆1,2
𝑖 (𝐱

𝑖
)

– for every consumer 𝑖.
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• Second welfare theorem (continued):

– If endowments are redistributed to any 𝐞∗𝑖 with 

σ𝑖=1
𝐼 𝐞∗𝑖 = σ𝑖=1

𝐼 𝐞𝑖 and 𝐩∗ ⋅ 𝐞∗𝑖 = 𝐩∗ ⋅ 𝐱
𝑖
 for every 𝑖 

(for example, 𝐞∗𝑖 = 𝐱
𝑖
),

– then (𝐱, 𝐩∗) is a Walrasian equilibrium of the economy 
with endowments 𝐞∗.
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• Second welfare theorem
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• Example 6.7 (WEA and second welfare theorem):

– Consider an economy with utility functions
𝑢𝐴 = 𝑥1

𝐴𝑥2
𝐴 and 𝑢𝐵 = min{𝑥1

𝐵, 𝑥2
𝐵}

– and initial endowments
𝐞𝐴 = (3,1) and 𝐞𝐵 = (1,3)

– Good 2 is the numeraire, 𝑝2 = 1.

– Consumer 𝐵’s utility is not strictly increasing, but it is 
locally nonsatiated, which is all the first welfare 
theorem needs.
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• Example 6.7 (continued):

1) Pareto efficient allocations (PEAs):

– At a Pareto efficient allocation, 𝐵 cannot hold more of 
one good than the other: the excess could go to 𝐴, 
raising 𝑢𝐴 without lowering 𝑢𝐵. Hence,

𝑥1
𝐵 = 𝑥2

𝐵
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• Example 6.7 (continued):

– Given the feasibility constraints
𝑥1

𝐴 + 𝑥1
𝐵 = 4

𝑥2
𝐴 + 𝑥2

𝐵 = 4

– substitute 𝑥2
𝐵 for 𝑥1

𝐵 in the first constraint to get
𝑥2

𝐵 = 4 − 𝑥1
𝐴
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• Example 6.7 (continued):

1) Pareto efficient allocations:

– Substituting the above expression in the second 
constraint yields

𝑥2
𝐴 + (4 − 𝑥1

𝐴)

𝑥2
𝐵

= 4 ⟺  𝑥2
𝐴 = 𝑥1

𝐴

– This defines the contract curve, i.e., the set of 
Pareto efficient allocations.
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• Contract curve (PEAs)
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• Example 6.7 (continued):

2) WEA:

– Consumer 𝐴’s maximization problem is

max
𝑥1

𝐴, 𝑥2
𝐴

 𝑥1
𝐴𝑥2

𝐴

s. t.  𝑝1𝑥1
𝐴 + 𝑥2

𝐴 ≤ 𝑝1 ∙ 3 + 1

– FOCs:
𝑥2

𝐴 − 𝜆𝑝1 = 0
𝑥1

𝐴 − 𝜆 = 0
𝑝1𝑥1

𝐴 + 𝑥2
𝐴 = 3𝑝1 + 1

where 𝜆 is the Lagrange multiplier.
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• Example 6.7 (continued):

– Combining the first two FOCs,

𝜆 =
𝑥2

𝐴

𝑝1
= 𝑥1

𝐴,  so 𝑥2
𝐴 = 𝑝1𝑥1

𝐴

– Hence, consumer 𝐴 spends the same amount on each 
good. Substituting into the budget constraint,

𝑝1𝑥1
𝐴 + 𝑝1𝑥1

𝐴 = 3𝑝1 + 1
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• Example 6.7 (continued):

– Hence, with income 𝑚𝐴 = 3𝑝1 + 1 (the value of his 
endowment), consumer 𝐴’s Walrasian demands are

𝑥1
𝐴(𝑝1) =

𝑚𝐴

2𝑝1
=

3𝑝1 + 1

2𝑝1

𝑥2
𝐴(𝑝1) =

𝑚𝐴

2
=

3𝑝1 + 1

2
– Next, we find consumer 𝐵’s Walrasian demands.
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• Example 6.7 (continued):

– Consumer 𝐵 solves
max
𝑥1

𝐵,𝑥2
𝐵

min{𝑥1
𝐵, 𝑥2

𝐵}  s. t.  𝑝1𝑥1
𝐵 + 𝑥2

𝐵 ≤ 𝑝1 ⋅ 1 + 3

– He consumes at the kink, 𝑥1
𝐵 = 𝑥2

𝐵, so

𝑥1
𝐵 = 𝑥2

𝐵 =
𝑝1 + 3

𝑝1 + 1
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• Example 6.7 (continued):

– Market clearing for good 1 requires
3𝑝1 + 1

2𝑝1
+

𝑝1 + 3

𝑝1 + 1
= 4

– which simplifies to
3𝑝1

2 − 2𝑝1 − 1 = (3𝑝1 + 1)(𝑝1 − 1) = 0

– whose unique positive root is 𝑝1 = 1.
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• Example 6.7 (continued):

– Substituting 𝑝1 = 1 into the Walrasian demands,

𝑥1
𝐴 =

3 + 1

2
= 2 and 𝑥2

𝐴 =
3 + 1

2
= 2

𝑥1
𝐵 = 𝑥2

𝐵 =
1 + 3

1 + 1
= 2

– The market for good 2 clears as well, as Walras’ law 
predicts,

𝑥2
𝐴 + 𝑥2

𝐵 = 2 + 2 = 4 = 1 + 3

– Thus, the WEA is

(𝑥1
𝐴∗, 𝑥2

𝐴∗; 𝑥1
𝐵∗, 𝑥2

𝐵∗;
𝑝1

𝑝2
) = (2,2; 2,2; 1)
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• Second welfare theorem: WEA and PEAs
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• Example 6.7 (continued): Second welfare 
theorem.

– Suppose that we want to reach the Pareto-efficient 
allocation

ො𝐱𝐴 = (1,1) and ො𝐱𝐵 = (3,3)

– which lies on the contract curve and favors consumer 
𝐵.

– Without transfers, the market yields the WEA
(𝑥1

𝐴, 𝑥2
𝐴; 𝑥1

𝐵, 𝑥2
𝐵) = (2,2; 2,2)
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• Example 6.7 (continued):

– Step 1: find the price ratio that supports ො𝐱𝐴. 
Consumer 𝐴’s MRS at (1,1) is

𝑀𝑅𝑆1,2
𝐴 =

𝑥2
𝐴

𝑥1
𝐴 =

1

1
= 1,  so 

𝑝1

𝑝2
= 1

– Consumer 𝐵’s indifference curve has a kink at ො𝐱𝐵, so 
he demands 𝑥1

𝐵 = 𝑥2
𝐵 at any prices, including 𝑝1 =

𝑝2 = 1.



General Equilibrium: Competitive Markets

• Example 6.7 (continued):

– Step 2: find the lump-sum transfers 𝑇𝐴 and 𝑇𝐵, with 
𝑇𝐴 = −𝑇𝐵, so that each consumer can afford his 
bundle in ො𝐱𝐴 and ො𝐱𝐵.

– At 𝑝1 = 𝑝2 = 1, the endowments are worth
𝐩 ⋅ 𝐞𝐴 = 1(3) + 1(1) = 4 and 𝐩 ⋅ 𝐞𝐵 = 1(1) + 1(3) = 4
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• Example 6.7 (continued):

– Consumer 𝐴’s income after the transfer must cover 
the cost of ො𝐱𝐴:

4 + 𝑇𝐴 = 𝐩 ⋅ ො𝐱𝐴 = 1(1) + 1(1) = 2,  so 𝑇𝐴 = −2

– Similarly, for consumer 𝐵:
4 + 𝑇𝐵 = 𝐩 ⋅ ො𝐱𝐵 = 1(3) + 1(3) = 6,  so 𝑇𝐵 = 2

– Hence, 𝑇𝐴 = −𝑇𝐵: consumer 𝐴 transfers 2 to 
consumer 𝐵, so the transfers add up to zero.
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• Example 6.7 (continued):

– Step 3: check that ො𝐱𝐴 and ො𝐱𝐵 form a WEA given the 
transfers. Using consumer 𝐴’s Walrasian demands 
with income 𝑚𝐴 = 4 + 𝑇𝐴 = 2,

𝑥𝑘
𝐴 =

𝑚𝐴

2𝑝𝑘
=

2

2(1)
= 1 for 𝑘 = 1,2

– Using consumer 𝐵’s Walrasian demand with income 
𝑚𝐵 = 4 + 𝑇𝐵 = 6,

𝑥1
𝐵 = 𝑥2

𝐵 =
𝑚𝐵

𝑝1 + 𝑝2
=

6

1 + 1
= 3
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• Example 6.7 (continued):

– Both markets clear,
𝑥1

𝐴 + 𝑥1
𝐵 = 1 + 3 = 4 = 3 + 1

𝑥2
𝐴 + 𝑥2

𝐵 = 1 + 3 = 4 = 1 + 3

– Hence, the Pareto-efficient allocation is a WEA with 
transfers 𝑇𝐴 = −2 and 𝑇𝐵 = 2: consumer 𝐴 sells two 
units of good 1 to finance his transfer.
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• Example 6.7 (continued):

– Dashed line: no transfers, WEA at (2,2).

– Solid line: budget line after the transfer.
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• Example 6.7 (continued):

– Redistributing goods: suppose instead that the 
planner reaches the same allocation by moving units 
of the goods, not money.

– Consumer 𝐴 gives 𝑡1 units of good 1 and 𝑡2 units of 
good 2 to consumer 𝐵 (a negative 𝑡𝑘 means that 𝐵 
gives to 𝐴), so the new endowments are

ො𝐞𝐴 = (3 − 𝑡1, 1 − 𝑡2)
ො𝐞𝐵 = (1 + 𝑡1, 3 + 𝑡2)
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• Example 6.7 (continued):

– We look for 𝑡1 and 𝑡2 such that the WEA from these 
new endowments is

ො𝐱𝐴 = (1,1) and ො𝐱𝐵 = (3,3)

– As in Step 1, consumer 𝐴’s MRS at (1,1) equals 1, so 
the supporting prices are 𝑝1 = 𝑝2 = 1.



General Equilibrium: Competitive Markets

• Example 6.7 (continued):

– Consumer 𝐴’s income is now the value of his new 
endowment,

𝑚𝐴 = 𝑝1(3 − 𝑡1) + 𝑝2(1 − 𝑡2) = 4 − 𝑡1 − 𝑡2

– His Walrasian demands give ො𝐱𝐴 = (1,1) only if

𝑥𝑘
𝐴 =

𝑚𝐴

2𝑝𝑘
=

4 − 𝑡1 − 𝑡2

2
= 1

– that is,
𝑡1 + 𝑡2 = 2



General Equilibrium: Competitive Markets

• Example 6.7 (continued):

– Consumer 𝐵’s income is then
𝑚𝐵 = (1 + 𝑡1) + (3 + 𝑡2) = 4 + 𝑡1 + 𝑡2 = 6

– so his Walrasian demand is

𝑥1
𝐵 = 𝑥2

𝐵 =
𝑚𝐵

𝑝1 + 𝑝2
=

6

2
= 3

– as desired, and both markets clear.



General Equilibrium: Competitive Markets

• Example 6.7 (continued):

– Hence, any transfer with 𝑡1 + 𝑡2 = 2 works, as long as 
consumer 𝐴 owns enough of each good,

𝑡1 ≤ 3 and 𝑡2 ≤ 1



General Equilibrium: Competitive Markets

• Example 6.7 (continued):

– For instance,
(𝑡1, 𝑡2) = (2,0): ො𝐞𝐴 = (1,1)
(𝑡1, 𝑡2) = (1,1): ො𝐞𝐴 = (2,0)

(𝑡1, 𝑡2) = (3, −1): ො𝐞𝐴 = (0,2)

– In the first case no trade is needed; in the other two, 
𝐴 trades one unit of a good for one unit of the other.



General Equilibrium: Production

• Let us now extend our previous results to a 
setting where firms are also active.

• Assume 𝐽 firms in the economy, each with 
production set 𝑌𝑗, which satisfies:

– Inaction is possible, 𝟎 ∈ 𝑌𝑗.



General Equilibrium: Production

• Production set 𝑌𝑗 (continued):

– 𝑌𝑗 is closed and bounded (compact), so a profit-
maximizing plan exists at every 𝐩; closedness also puts 
the frontier in 𝑌𝑗.

– 𝑌𝑗 is strictly convex, so convex combinations of two 
production plans lie in the interior of the production 
set.



General Equilibrium: Production

• Production set 𝑌𝑗 for firm 𝑗



General Equilibrium: Production

• Every firm 𝑗 facing a fixed price vector 𝐩 ≫ 𝟎 
independently and simultaneously solves

max
𝐲𝑗∈𝑌𝑗

𝐩 ⋅ 𝐲𝑗

• A profit-maximizing production plan 𝐲𝑗(𝐩) exists 
(𝑌𝑗 is compact) and is unique (𝑌𝑗 is strictly 
convex).



General Equilibrium: Production

• By the theorem of the maximum, both the 
argmax, 𝐲𝑗(𝐩), and the value function, 𝜋𝑗(𝐩) ≡
𝐩 ⋅ 𝐲𝑗(𝐩), are continuous in 𝐩.



General Equilibrium: Production

• 𝐲𝑗(𝐩) exists and is unique



General Equilibrium: Production

• Aggregate production set:

– The aggregate production set is the set of all sums of 
feasible plans,

𝑌 = {𝐲: 𝐲 = ෍

𝑗=1

𝐽

𝐲𝑗 , where 𝐲𝑗 ∈ 𝑌𝑗 for every 𝑗}



General Equilibrium: Production

• Define

𝐲(𝐩) = ෍

𝑗=1

𝐽

𝐲𝑗(𝐩)

• Then 𝐲(𝐩) maximizes 𝐩 ⋅ 𝐲 over 𝑌: aggregate 
profit maximization equals firm-by-firm 
maximization.



General Equilibrium: Production

• In an economy with 𝐽 firms, each of them earning 
𝜋𝑗(𝐩) profits in equilibrium, how are profits 
distributed?

• Assume that each individual 𝑖 owns a share 𝜃𝑖𝑗 of 
firm 𝑗’s profits, where

0 ≤ 𝜃𝑖𝑗 ≤ 1 and ෍

𝑖=1

𝐼

𝜃𝑖𝑗 = 1



General Equilibrium: Production

• This allows for multiple sharing profiles:

– 𝜃𝑖𝑗 = 1: individual 𝑖 owns all shares of firm 𝑗;

– 𝜃𝑖𝑗 =
1

𝐼
: all individuals hold equal shares of firm 𝑗.



General Equilibrium: Production

• Consumer 𝑖’s budget constraint becomes

𝐩 ⋅ 𝐱𝑖 ≤ 𝐩 ⋅ 𝐞𝑖 + ෍

𝑗=1

𝐽

𝜃𝑖𝑗𝜋𝑗(𝐩)

• where σ𝑗=1
𝐽 𝜃𝑖𝑗𝜋𝑗(𝐩) is new relative to the 

standard budget constraint.



General Equilibrium: Production

• Let us express the budget constraint using

𝑚𝑖(𝐩) ≡ 𝐩 ⋅ 𝐞𝑖 + ෍

𝑗=1

𝐽

𝜃𝑖𝑗𝜋𝑗(𝐩)

• that is, 𝐩 ⋅ 𝐱𝑖 ≤ 𝑚𝑖(𝐩), where 𝑚𝑖(𝐩) > 0, since 
𝜋𝑗(𝐩) ≥ 0 (inaction is possible) and 𝐩 ⋅ 𝐞𝑖 > 0.



General Equilibrium: Production

• Equilibrium with production:
– We start by defining excess demand functions and 

use such a definition to identify the set of 
equilibrium allocations.

– Excess demand: The excess demand function for 
good 𝑘 is

𝑧𝑘 𝐩 ≡ σ𝑖=1
𝐼 𝑥𝑘

𝑖 (𝐩, 𝑚𝑖 𝐩 ) − σ𝑖=1
𝐼 𝑒𝑘

𝑖 − σ𝑗=1
𝐽

𝑦𝑘
𝑗
(𝐩) 

where σ𝑗=1
𝐽

𝑦𝑘
𝑗

𝐩  is a new term relative to the 
analysis of general equilibrium without 
production.



General Equilibrium: Production

• Hence, the aggregate excess demand vector is
𝐳(𝐩) = (𝑧1(𝐩), 𝑧2(𝐩), … , 𝑧𝐿(𝐩))



General Equilibrium: Production

• WEA with production: 𝐩∗ ≫ 𝟎 is a Walrasian 
equilibrium price vector, and (𝐱(𝐩∗), 𝐲(𝐩∗)) the 
WEA, if:

– 1) 𝐱𝑖(𝐩∗, 𝑚𝑖(𝐩∗)) solves consumer 𝑖’s UMP;

– 2) 𝐲𝑗(𝐩∗) solves firm 𝑗’s PMP;

– 3) markets clear,

෍

𝑖=1

𝐼

𝐱𝑖(𝐩∗, 𝑚𝑖(𝐩∗)) = ෍

𝑖=1

𝐼

𝐞𝑖 + ෍

𝑗=1

𝐽

𝐲𝑗(𝐩∗)

– that is, 𝐳(𝐩∗) = 𝟎.



General Equilibrium: Production

• Setup: two firms; firm 𝑘 produces good 𝑘 with 

𝐹𝑘(𝐾𝑘, 𝐿𝑘); input prices 𝑟 and 𝑤; 𝐹𝑘𝐾 =
𝜕𝐹𝑘

𝜕𝐾𝑘
, and 

similarly for labor (here 𝐿 denotes labor).

• From every consumer solving his UMP, the 
marginal rate of substitution between goods 1 
and 2 satisfies, for any consumers 𝑖 and ℎ,

𝑀𝑅𝑆1,2
𝑖 = 𝑀𝑅𝑆1,2

ℎ =
𝑝1

𝑝2



General Equilibrium: Production

• Similarly, from every firm solving its PMP, we 
obtain

𝑝1𝐹1𝐾 = 𝑟 and 𝑝1𝐹1𝐿 = 𝑤

– for firm 1, and
𝑝2𝐹2𝐾 = 𝑟 and 𝑝2𝐹2𝐿 = 𝑤

– for firm 2.



General Equilibrium: Production

• Dividing these expressions yields

𝑀𝑅𝑇𝑆𝐿,𝐾
1 ≡

𝐹1𝐿

𝐹1𝐾
=

𝑤

𝑟

– for firm 1, and

𝑀𝑅𝑇𝑆𝐿,𝐾
2 ≡

𝐹2𝐿

𝐹2𝐾
=

𝑤

𝑟

– for firm 2.



General Equilibrium: Production

• Therefore, 𝑀𝑅𝑇𝑆𝐿,𝐾
1 = 𝑀𝑅𝑇𝑆𝐿,𝐾

2 .

• Moving 𝑑𝐾 units of capital from firm 2 to firm 1 
changes outputs by

𝑑𝑦1 = 𝐹1𝐾𝑑𝐾 and 𝑑𝑦2 = −𝐹2𝐾𝑑𝐾

– so the marginal rate of transformation is

𝑀𝑅𝑇1,2
𝐾 = −

𝑑𝑦2

𝑑𝑦1
=

𝐹2𝐾

𝐹1𝐾



General Equilibrium: Production

• Dividing 𝑝1𝐹1𝐾 = 𝑟 by 𝑝2𝐹2𝐾 = 𝑟 yields
𝑝1𝐹1𝐾

𝑝2𝐹2𝐾
=

𝑟

𝑟
= 1,  so 

𝑝1

𝑝2
=

𝐹2𝐾

𝐹1𝐾
= 𝑀𝑅𝑇1,2

𝐾

• Similarly, dividing 𝑝1𝐹1𝐿 = 𝑤 by 𝑝2𝐹2𝐿 = 𝑤 yields
𝑝1

𝑝2
=

𝐹2𝐿

𝐹1𝐿
= 𝑀𝑅𝑇1,2

𝐿



General Equilibrium: Production

• Combining 𝑀𝑅𝑆1,2
𝑖 =

𝑝1

𝑝2
 for every consumer 𝑖 

with 
𝑝1

𝑝2
= 𝑀𝑅𝑇1,2

𝑚  for every input 𝑚 ∈ {𝐾, 𝐿} 

yields

𝑀𝑅𝑆1,2
𝑖 = 𝑀𝑅𝑇1,2

𝑚 =
𝑝1

𝑝2



General Equilibrium: Production

• Inspecting 𝑀𝑅𝑆1,2
𝑖 = 𝑀𝑅𝑇1,2

𝑚 =
𝑝1

𝑝2
, we see that

– 𝑀𝑅𝑆1,2
𝑖 =

𝑀𝑈1
𝑖

𝑀𝑈2
𝑖  decreases in 𝑥1 along an indifference 

curve, by strict quasiconcavity of 𝑢𝑖.

– In contrast, 𝑀𝑅𝑇1,2
𝑚 =

𝐹2𝑚

𝐹1𝑚
 increases in 𝑥1 (by 

diminishing marginal products).



General Equilibrium: Production

• Intuitively, to increase 𝑥1, we move units of input 
𝑚 from firm 2 to firm 1, which raises the marginal 
product of this input in firm 2 and lowers it in 
firm 1.

• Plotting 𝑀𝑅𝑆1,2
𝑖  and 𝑀𝑅𝑇1,2

𝑚  as functions of 𝑥1, 

they cross at the equilibrium level of good 1, 𝑥1
∗, 

at a height of 
𝑝1

𝑝2
.



General Equilibrium: Production

• Equilibrium with production



General Equilibrium: Production

• Existence: Under the assumptions on preferences 
and production sets above, assume that the 
aggregate endowment is strictly positive in every 
good,

෍

𝑖=1

𝐼

𝐞𝑖 ≫ 𝟎

• Then, there is a price vector 𝐩∗ ≫ 𝟎 such that a 
WEA exists, that is, 𝐳(𝐩∗) = 𝟎.



General Equilibrium: Production

• Example 6.8 (Equilibrium with production):

– Consider a two-consumer, two-good economy where 

consumer 𝑖 ∈ {𝐴, 𝐵} has utility function 𝑢𝑖 = 𝑥1
𝑖 𝑥2

𝑖 .

– There are two firms in this economy; each uses capital 
(𝐾) and labor (𝐿) to produce one of the two goods.



General Equilibrium: Production

• Example 6.8 (continued):

– Firm 1 produces good 1 according to 𝑦1 = 𝐾1
0.75𝐿1

0.25.

– Firm 2 produces good 2 according to 𝑦2 = 𝐾2
0.25𝐿2

0.75.

– Consumer 𝐴 is endowed with (𝐾𝐴, 𝐿𝐴) = (1,1), while 
consumer 𝐵 is endowed with (𝐾𝐵, 𝐿𝐵) = (2,1).

– Let us find a WEA in this economy with production.



General Equilibrium: Production

• Example 6.8 (continued):

– UMPs: Consumer 𝑖’s maximization problem is

max
𝑥1

𝑖 ,𝑥2
𝑖

𝑥1
𝑖 𝑥2

𝑖

– subject to

𝑝1𝑥1
𝑖 + 𝑝2𝑥2

𝑖 = 𝑟𝐾𝑖 + 𝑤𝐿𝑖

– where 𝑟 and 𝑤 are the prices of capital and labor, 
respectively.

– Consumers are not endowed with goods 1 and 2. Each 
consumer 𝑖 is only endowed with capital and labor, 
𝐾𝑖 and 𝐿𝑖, which he sells to the firms, earning 𝑟𝐾𝑖 
from capital and 𝑤𝐿𝑖  from labor.



General Equilibrium: Production

• Example 6.8 (continued):

– Both technologies exhibit constant returns to scale, so 
firms earn zero profits and income is 𝑟𝐾𝑖 + 𝑤𝐿𝑖.

– FOC:

𝑝1

𝑝2
= 𝑀𝑅𝑆1,2

𝑖 =
𝑥2

𝑖

𝑥1
𝑖

,  so 𝑝1𝑥1
𝑖 = 𝑝2𝑥2

𝑖

– for 𝑖 ∈ {𝐴, 𝐵}.



General Equilibrium: Production

• Example 6.8 (continued):
– Taking the above equation for consumers 𝐴 and 𝐵, 

and adding them together yields

𝑝1(𝑥1
𝐴 + 𝑥1

𝐵) = 𝑝2(𝑥2
𝐴 + 𝑥2

𝐵)

where 𝑥1
𝐴 + 𝑥1

𝐵 is the left side of the feasibility 
condition 𝑥1

𝐴 + 𝑥1
𝐵 = 𝑦1 = 𝐾1

0.75𝐿1
0.25.

– Substituting both feasibility conditions into the 
above expression, and re-arranging, yields

𝑝1

𝑝2
=

𝐾2
0.25𝐿2

0.75

𝐾1
0.75𝐿1

0.25 



General Equilibrium: Production

• Example 6.8 (continued):

– PMPs: Firm 1’s maximization problem is

max
𝐾1,𝐿1

𝑝1𝐾1
0.75𝐿1

0.25 − 𝑟𝐾1 − 𝑤𝐿1

– FOCs:
𝑟 = 0.75𝑝1𝐾1

−0.25𝐿1
0.25

𝑤 = 0.25𝑝1𝐾1
0.75𝐿1

−0.75



General Equilibrium: Production

• Example 6.8 (continued):

– Dividing the second FOC by the first gives the 
tangency condition for profit maximization

𝑀𝑅𝑇𝑆𝐿,𝐾
1 =

𝑤

𝑟
,  so 

𝑤

𝑟
=

1

3

𝐾1

𝐿1



General Equilibrium: Production

• Example 6.8 (continued):

– Likewise, firm 2’s PMP gives the following FOCs:
𝑟 = 0.25𝑝2𝐾2

−0.75𝐿2
0.75

𝑤 = 0.75𝑝2𝐾2
0.25𝐿2

−0.25

– Dividing the second FOC by the first gives the 
tangency condition for profit maximization

𝑀𝑅𝑇𝑆𝐿,𝐾
2 =

𝑤

𝑟
,  so 

𝑤

𝑟
= 3

𝐾2

𝐿2



General Equilibrium: Production

• Example 6.8 (continued):

– Combining both 𝑀𝑅𝑇𝑆𝐿,𝐾 yields
1

3

𝐾1

𝐿1
= 3

𝐾2

𝐿2
,  so 

𝐾1

𝐿1
= 9

𝐾2

𝐿2

– Hence, firm 1 is more capital intensive than firm 2, 
that is, its capital-to-labor ratio is higher.



General Equilibrium: Production

• Example 6.8 (continued):

– Setting both firms’ price of capital, 𝑟, equal to each 
other yields

0.75𝑝1𝐾1
−0.25𝐿1

0.25 = 0.25𝑝2𝐾2
−0.75𝐿2

0.75

– so

𝑝1

𝑝2
=

1

3

𝐾1

𝐿1

0.25
𝐾2

𝐿2

−0.75



General Equilibrium: Production

• Example 6.8 (continued):

– Setting both firms’ price of labor, 𝑤, equal to each 
other yields

0.25𝑝1𝐾1
0.75𝐿1

−0.75 = 0.75𝑝2𝐾2
0.25𝐿2

−0.25

– so

𝑝1

𝑝2
= 3

𝐾1

𝐿1

−0.75
𝐾2

𝐿2

0.25



General Equilibrium: Production

• Example 6.8 (continued):

– Setting the price ratio from consumers’ UMP equal to 
the first price ratio from firms’ PMP yields

𝐾2
0.25𝐿2

0.75

𝐾1
0.75𝐿1

0.25 =
1

3

𝐾1

𝐿1

0.25
𝐾2

𝐿2

−0.75

– Since 𝐿1
−0.25 and 𝐿2

0.75 appear on both sides, they 
cancel:

1

3
𝐾1

0.25𝐾2
−0.75 = 𝐾2

0.25𝐾1
−0.75



General Equilibrium: Production

• Example 6.8 (continued):

– Multiplying both sides by 3𝐾1
0.75𝐾2

0.75 yields

𝐾1 = 3𝐾2,  that is,  𝐾2 =
𝐾1

3



General Equilibrium: Production

• Example 6.8 (continued):

– By the feasibility conditions, we know that 𝐾1 +
𝐾2 = 𝐾𝐴 + 𝐾𝐵 = 3  or  𝐾2 = 3 − 𝐾1.

– Substituting the above expression into 𝐾1 = 3𝐾2, 
we find the equilibrium capital used by firms 1 
and 2:

𝐾1 = 3 3 − 𝐾1  ⟹  𝐾1
∗ =

9

4
 

𝐾2
∗ =

1

3
𝐾1

∗ =
3

4
  



General Equilibrium: Production

• Example 6.8 (continued):

– Setting price ratio from consumers’ UMP equal to 
the second price ratio from firms’ PMP yields

𝐾2
0.25𝐿2

0.75

𝐾1
0.75𝐿1

0.25 = 3
𝐾1

𝐿1

−0.75 𝐾2

𝐿2

0.25
⟹ 𝐿1 =

1

3
𝐿2 

– By the feasibility conditions, we know that 𝐿1 +
𝐿2 = 𝐿𝐴 + 𝐿𝐵 = 2  or  𝐿2 = 2 − 𝐿1.



General Equilibrium: Production

• Example 6.8 (continued):

– Substituting the above expression into 𝐿1 =
1

3
𝐿2, 

we find the equilibrium labor used by firms 1 and 
2:

𝐿1 =
1

3
2 − 𝐿1  ⟹  𝐿1

∗ =
1

2
 

𝐿2
∗ = 3𝐿1

∗ =
3

2
 



General Equilibrium: Production

• Example 6.8 (continued):

– Substituting the capital and labor used by firms 1 and 
2 into the price ratio from consumers’ UMP yields

𝑝1

𝑝2
=

3
4

0.25 3
2

0.75

9
4

0.75 1
2

0.25 =
2

3
≈ 0.82

– Normalizing 𝑝2 = 1 gives 𝑝1 = 0.82.



General Equilibrium: Production

• Example 6.8 (continued):

– Furthermore, substituting our calculated values into 
firm 1’s FOCs for 𝑟 and 𝑤 yields

𝑟∗ = 0.75
2

3

9

4

−0.25
1

2

0.25

=
23/4

4
≈ 0.42

𝑤∗ = 0.25
2

3

9

4

0.75
1

2

−0.75

=
3 ⋅ 23/4

8
≈ 0.63

– so that 
𝑤∗

𝑟∗ =
3

2
.



General Equilibrium: Production

• Example 6.8 (continued):

– Using consumer 𝐴’s tangency condition, 𝑝1𝑥1
𝐴 =

𝑝2𝑥2
𝐴.

– Substituting this into consumer 𝐴’s budget constraint 
yields

2𝑝1𝑥1
𝐴 = 𝑟𝐾𝐴 + 𝑤𝐿𝐴

– so consumer 𝐴 spends half of his income on each 
good.



General Equilibrium: Production

• Example 6.8 (continued):

– Plugging in our calculated values,

𝑥1
𝐴∗ =

𝑟𝐾𝐴 + 𝑤𝐿𝐴

2𝑝1
=

0.42 + 0.63

2(0.82)
= 0.64

𝑥2
𝐴∗ =

𝑟𝐾𝐴 + 𝑤𝐿𝐴

2𝑝2
=

0.42 + 0.63

2
= 0.53
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• Example 6.8 (continued):

– Performing the same steps for consumer 𝐵 yields

𝑥1
𝐵∗ =

𝑟𝐾𝐵 + 𝑤𝐿𝐵

2𝑝1
=

2(0.42) + 0.63

2(0.82)
= 0.90

𝑥2
𝐵∗ =

𝑟𝐾𝐵 + 𝑤𝐿𝐵

2𝑝2
=

2(0.42) + 0.63

2
= 0.74
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• Example 6.8 (continued):

– Thus, our WEA is
(𝑥1

𝐴∗, 𝑥2
𝐴∗; 𝑥1

𝐵∗, 𝑥2
𝐵∗) = (0.64,0.53; 0.90,0.74)

– with firms using

(𝐾1
∗, 𝐿1

∗ ; 𝐾2
∗, 𝐿2

∗ ) =
9

4
,
1

2
;
3

4
,
3

2

– and prices
𝑝1

𝑝2
= 0.82 and (𝑟∗, 𝑤∗) = (0.42,0.63)
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• Equilibrium with production: welfare:

– We extend the First and Second Welfare Theorems to 
economies with production, connecting WEA and 
Pareto efficient allocations.

– Pareto efficiency: A feasible allocation (𝐱, 𝐲) is Pareto 
efficient if there is no other feasible allocation (ො𝐱, ො𝐲) 
such that

𝑢𝑖(ො𝐱𝑖) ≥ 𝑢𝑖(𝐱𝑖) for every 𝑖 = 1, … , 𝐼

– with 𝑢𝑖(ො𝐱𝑖) > 𝑢𝑖(𝐱𝑖) for at least one consumer.
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• In an economy with two goods, two consumers (𝑖 
and ℎ), two firms and two inputs (labor and 
capital), every Pareto efficient allocation solves, 

for some 𝑢
ℎ

,
max

𝑥1
𝑖 ,𝑥2

𝑖 ,𝑥1
ℎ,𝑥2

ℎ,𝐿1,𝐾1,𝐿2,𝐾2≥0
𝑢𝑖(𝑥1

𝑖 , 𝑥2
𝑖 )

s. t.  𝑢ℎ(𝑥1
ℎ, 𝑥2

ℎ) ≥ 𝑢
ℎ
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• and the feasibility constraints:

– technological feasibility,

𝑥1
𝑖 + 𝑥1

ℎ ≤ 𝐹1(𝐿1, 𝐾1),  𝑥2
𝑖 + 𝑥2

ℎ ≤ 𝐹2(𝐿2, 𝐾2)

– input feasibility,

𝐿1 + 𝐿2 ≤ 𝐿,  𝐾1 + 𝐾2 ≤ 𝐾
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• The Lagrangian is

ℒ = 𝑢𝑖(𝑥1
𝑖 , 𝑥2

𝑖 ) + 𝜆[𝑢ℎ(𝑥1
ℎ, 𝑥2

ℎ) − 𝑢
ℎ

]

+𝜇1[𝐹1(𝐿1, 𝐾1) − 𝑥1
𝑖 − 𝑥1

ℎ] + 𝜇2[𝐹2(𝐿2, 𝐾2) − 𝑥2
𝑖 − 𝑥2

ℎ]

+𝛿𝐿[𝐿 − 𝐿1 − 𝐿2] + 𝛿𝐾[𝐾 − 𝐾1 − 𝐾2]
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• In the case of interior solutions, the FOCs with 

respect to 𝑥𝑘
𝑖  and 𝑥𝑘

ℎ yield
𝜕𝑢𝑖

𝜕𝑥𝑘
𝑖

= 𝜇𝑘  and 𝜆
𝜕𝑢ℎ

𝜕𝑥𝑘
ℎ

= 𝜇𝑘

• Hence, as in barter economies, efficiency in 
consumption requires

𝑀𝑅𝑆1,2
𝑖 = 𝑀𝑅𝑆1,2

ℎ =
𝜇1

𝜇2
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• FOCs with respect to 𝐿𝑗 and 𝐾𝑗, where 𝑗 ∈ {1,2}, 

yield

𝜇1

𝜕𝐹1

𝜕𝐿
= 𝛿𝐿 = 𝜇2

𝜕𝐹2

𝜕𝐿

𝜇1

𝜕𝐹1

𝜕𝐾
= 𝛿𝐾 = 𝜇2

𝜕𝐹2

𝜕𝐾

• Dividing the first condition by the second,
𝜕𝐹1
𝜕𝐿
𝜕𝐹1
𝜕𝐾

=
𝛿𝐿

𝛿𝐾
=

𝜕𝐹2
𝜕𝐿
𝜕𝐹2
𝜕𝐾
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• This is a condition for efficiency that we 
encountered in production theory: the 𝑀𝑅𝑇𝑆𝐿,𝐾 
between labor and capital must coincide across 
firms.

• Otherwise, welfare could be increased by 
assigning more labor to the firm with the higher 
𝑀𝑅𝑇𝑆𝐿,𝐾 (and more capital to the other firm), 
which raises the output of both goods.
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• Combining the above two conditions for 
efficiency in consumption and production, we 
obtain

𝜕𝑢𝑖

𝜕𝑥1
𝑖

𝜕𝑢𝑖

𝜕𝑥2
𝑖

=
𝜇1

𝜇2
=

𝜕𝐹2
𝜕𝐿
𝜕𝐹1
𝜕𝐿
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• That is, 𝑀𝑅𝑆1,2
𝑖  must coincide with the rate at 

which units of good 2 can be transformed into 
units of good 1, that is, the marginal rate of 
transformation 𝑀𝑅𝑇1,2.

• Moving one unit of labor from firm 2 to firm 1 

raises the output of good 1 by 
𝜕𝐹1

𝜕𝐿
 and lowers the 

output of good 2 by 
𝜕𝐹2

𝜕𝐿
.
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• Hence, one more unit of good 1 costs 𝑀𝑅𝑇1,2 
units of good 2, where

𝑀𝑅𝑇1,2 =

𝜕𝐹2
𝜕𝐿
𝜕𝐹1
𝜕𝐿

• Intuition: for an allocation to be efficient, the rate 
at which consumers are willing to substitute 
goods 1 and 2 must coincide with the rate at 
which good 2 can be transformed into good 1.
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• First welfare theorem with production: Under 
the assumptions on preferences above (strictly 
increasing utility is the key one), every WEA is 
Pareto efficient.

• Proof (by contradiction):

– Suppose that (𝐱, 𝐲) is a WEA at prices 𝐩∗, but is not 
Pareto efficient.
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• Since (𝐱, 𝐲) is a WEA, it is feasible:

෍

𝑖=1

𝐼

𝐱𝑖 = ෍

𝑖=1

𝐼

𝐞𝑖 + ෍

𝑗=1

𝐽

𝐲𝑗
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• Because (𝐱, 𝐲) is not Pareto efficient, there exists 
some other feasible allocation (ො𝐱, ො𝐲) such that

𝑢𝑖(ො𝐱𝑖) ≥ 𝑢𝑖(𝐱𝑖) for every 𝑖 = 1, … , 𝐼

• with 𝑢𝑖(ො𝐱𝑖) > 𝑢𝑖(𝐱𝑖) for at least one consumer.

• That is, (ො𝐱, ො𝐲) makes at least one consumer 
strictly better off than the WEA, without making 
anyone worse off.
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• But this implies that bundle ො𝐱𝑖 is at least as costly 
as 𝐱𝑖,

𝐩∗ ⋅ ො𝐱𝑖 ≥ 𝐩∗ ⋅ 𝐱𝑖

• for every consumer 𝑖 (with at least one strict 
inequality):

– if 𝑢𝑖(ො𝐱𝑖) > 𝑢𝑖(𝐱𝑖), then 𝐩∗ ⋅ ො𝐱𝑖 > 𝐩∗ ⋅ 𝐱𝑖; otherwise, 𝑖 
would have chosen ො𝐱𝑖;

– if 𝑢𝑖(ො𝐱𝑖) ≥ 𝑢𝑖(𝐱𝑖) and 𝐩∗ ⋅ ො𝐱𝑖 < 𝐩∗ ⋅ 𝐱𝑖, strict 
monotonicity gives an affordable bundle strictly better 
than 𝐱𝑖.
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• Summing over all consumers yields

𝐩∗ ⋅ ෍

𝑖=1

𝐼

ො𝐱𝑖 > 𝐩∗ ⋅ ෍

𝑖=1

𝐼

𝐱𝑖

• Since (ො𝐱, ො𝐲) is feasible,

෍

𝑖=1

𝐼

ො𝐱𝑖 ≤ ෍

𝑖=1

𝐼

𝐞𝑖 + ෍

𝑗=1

𝐽

ො𝐲𝑗
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• Because 𝐩∗ ≫ 𝟎,

𝐩∗ ⋅ ෍

𝑖=1

𝐼

𝐞𝑖 + ෍

𝑗=1

𝐽

ො𝐲𝑗 ≥ 𝐩∗ ⋅ ෍

𝑖=1

𝐼

ො𝐱𝑖

> 𝐩∗ ⋅ ෍

𝑖=1

𝐼

𝐱𝑖 = 𝐩∗ ⋅ ෍

𝑖=1

𝐼

𝐞𝑖 + ෍

𝑗=1

𝐽

𝐲𝑗
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• or, rearranging,

𝐩∗ ⋅ ෍

𝑗=1

𝐽

ො𝐲𝑗 > 𝐩∗ ⋅ ෍

𝑗=1

𝐽

𝐲𝑗

• However, this result implies that 𝐩∗ ⋅ ො𝐲𝑗 > 𝐩∗ ⋅ 𝐲𝑗 
for some firm 𝑗.
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– This indicates that production plan 𝐲𝑗  was not 
profit-maximizing and, as a consequence, it 
cannot be part of a WEA.

– We therefore reached a contradiction. 

– This implies that the original statement was true: 
if an allocation (𝐱, 𝐲) is a WEA, it must also be 
Pareto efficient.
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• Example 6.9 (WEA and PEA with production):

– Consider the setting described in Example 6.8.

– The set of Pareto efficient allocations must satisfy

𝑀𝑅𝑆1,2
𝐴 = 𝑀𝑅𝑆1,2

𝐵

𝑀𝑅𝑇𝑆𝐿,𝐾
1 = 𝑀𝑅𝑇𝑆𝐿,𝐾

2

𝑀𝑅𝑆1,2
𝑖 = 𝑀𝑅𝑇1,2
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• Example 6.9 (continued):

– By consumer 𝐴’s tangency condition,

𝑀𝑅𝑆1,2
𝐴 =

𝑥2
𝐴

𝑥1
𝐴 =

𝑝1

𝑝2
= 0.82

– and, by consumer 𝐵’s tangency condition,

𝑀𝑅𝑆1,2
𝐵 =

𝑥2
𝐵

𝑥1
𝐵 =

𝑝1

𝑝2
= 0.82

– which implies that 𝑀𝑅𝑆1,2
𝐴 = 𝑀𝑅𝑆1,2

𝐵 .
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• Example 6.9 (continued):

– From Example 6.8, 
𝐾1

𝐿1
=

9

2
 and 

𝐾2

𝐿2
=

1

2
, so

𝑀𝑅𝑇𝑆𝐿,𝐾
1 =

1

3

𝐾1

𝐿1
=

1

3
⋅

9

2
=

3

2

𝑀𝑅𝑇𝑆𝐿,𝐾
2 = 3

𝐾2

𝐿2
= 3 ⋅

1

2
=

3

2

– which implies that 𝑀𝑅𝑇𝑆𝐿,𝐾
1 = 𝑀𝑅𝑇𝑆𝐿,𝐾

2 .
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• Example 6.9 (continued):

– Finally, the marginal rate of transformation is

𝑀𝑅𝑇1,2 =

𝜕𝐹2
𝜕𝐿
𝜕𝐹1
𝜕𝐿

=
0.75

𝐾2
𝐿2

0.25

0.25
𝐾1
𝐿1

0.75

=
0.75

1
2

0.25

0.25
9
2

0.75 ≈ 0.82
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• Example 6.9 (continued):

– Summarizing,

𝑀𝑅𝑆1,2
𝐴 = 𝑀𝑅𝑆1,2

𝐵 = 0.82

𝑀𝑅𝑇𝑆𝐿,𝐾
1 = 𝑀𝑅𝑇𝑆𝐿,𝐾

2 =
3

2
𝑀𝑅𝑆1,2

𝑖 = 𝑀𝑅𝑇1,2 = 0.82

– Since all three conditions hold, our WEA from Example 
6.8 is Pareto efficient.
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• Second welfare theorem with production:

– Consider the assumptions on consumers and 
producers described above.

– Then, for every Pareto efficient allocation (𝐱, 𝐲) we 
can find:

– (a) a profile of income transfers (𝑇1, 𝑇2, … , 𝑇𝐼) 
redistributing income among consumers, that is, 

satisfying σ𝑖=1
𝐼 𝑇𝑖 = 0;

– (b) a price vector 𝐩, such that:
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• (1) Bundle 𝐱
𝑖
 solves the UMP

max
𝐱𝑖

𝑢𝑖(𝐱𝑖)

s. t.  𝐩 ⋅ 𝐱𝑖 ≤ 𝑚𝑖(𝐩) + 𝑇𝑖  for every 𝑖 = 1, … , 𝐼

– where individual 𝑖’s original income 𝑚𝑖(𝐩) is 
increased (decreased) if the transfer 𝑇𝑖 is positive 
(negative).
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• (2) Production plan 𝐲
𝑗
 solves the PMP

max
𝐲𝑗

𝐩 ⋅ 𝐲𝑗

s. t.  𝐲𝑗 ∈ 𝑌𝑗 for every 𝑗 = 1, … , 𝐽
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• Example 6.10 (Second welfare theorem with 
production):

– Consider Example 6.8. Both consumers have identical 
Cobb-Douglas preferences, so every Pareto efficient 
allocation uses the production plan of Example 6.8 
and gives each consumer the same share of 𝑦1 and 𝑦2.
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• Example 6.10 (continued):

– Consider, for instance, the Pareto efficient allocation

(𝑥1
𝐴

, 𝑥2
𝐴

; 𝑥1
𝐵

, 𝑥2
𝐵

) = (0.75,0.61; 0.79,0.65)

– which is feasible since
0.75 + 0.79 = 1.54 = 𝑦1

0.61 + 0.65 = 1.26 = 𝑦2
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• Example 6.10 (continued):

– Prices remain unchanged: firms’ input choices do not 
change, and aggregate demand depends only on 
aggregate income, since each consumer spends half of 
his income on each good.

– Hence,
(𝑝1, 𝑝2; 𝑟, 𝑤) = (0.82,1; 0.42,0.63)
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• Example 6.10 (continued):

– Transfers: with a lump-sum transfer, consumer 𝐴’s 
budget constraint becomes

𝑝1𝑥1
𝐴

+ 𝑝2𝑥2
𝐴

= 𝑟𝐾𝐴 + 𝑤𝐿𝐴 + 𝑇𝐴

– Since (𝐾𝐴, 𝐿𝐴) = (1,1), at the prices above his 
income is

0.42(1) + 0.63(1) + 𝑇𝐴 = 1.05 + 𝑇𝐴
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• Example 6.10 (continued):

– Consumer 𝐴 can afford (𝑥1
𝐴

, 𝑥2
𝐴

) = (0.75,0.61) only if 
his income equals its cost,

0.82(0.75) + 1(0.61) ≈ 1.22 = 1.05 + 𝑇𝐴

– so 𝑇𝐴 ≈ 0.17.

– This bundle is also his best choice: with Cobb-Douglas 
utility, he spends half of his income on each good, and 
indeed

𝑝1𝑥1
𝐴

= 0.82(0.75) ≈ 0.61 = 𝑝2𝑥2
𝐴
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• Example 6.10 (continued):

– Similarly, consumer 𝐵’s income is
0.42(2) + 0.63(1) + 𝑇𝐵 = 1.47 + 𝑇𝐵

– so that he can afford (𝑥1
𝐵

, 𝑥2
𝐵

) = (0.79,0.65) only if
0.82(0.79) + 1(0.65) ≈ 1.30 = 1.47 + 𝑇𝐵

– so 𝑇𝐵 ≈ −0.17.
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• Example 6.10 (continued):

– Consumer 𝐵 also spends half of his income on each 
good,

𝑝1𝑥1
𝐵

= 0.82(0.79) ≈ 0.65 = 𝑝2𝑥2
𝐵

– Hence, 𝑇𝐴 + 𝑇𝐵 = 0 (up to rounding): consumer 𝐵 
transfers 0.17 to consumer 𝐴.

– With these transfers, the Pareto efficient allocation is 
a WEA with transfers at the same prices.



Comparative Statics



Comparative Statics

• We analyze how equilibrium outcomes are 
affected by an increase in:

– the price of one good;

– the endowment of one input.

• Consider a setting with two goods, each 
produced with two factors under constant 
returns to scale (CRS): factor 1 is capital (𝑤1 = 𝑟) 
and factor 2 is labor (𝑤2 = 𝑤).



Comparative Statics

• If both goods are produced, a necessary 
condition for input prices (𝑤1

∗, 𝑤2
∗) to be in 

equilibrium is
𝑐1(𝑤1, 𝑤2) = 𝑝1 and 𝑐2(𝑤1, 𝑤2) = 𝑝2

– where 𝑐𝑗(𝑤1, 𝑤2) is firm 𝑗’s unit cost function.

• Under constant returns, marginal cost equals unit 
cost, so price equals unit cost and profits are 
zero.



Comparative Statics

• Let 𝑧1𝑗(𝑤) denote firm 𝑗’s demand for factor 1, 

and 𝑧2𝑗(𝑤) its demand for factor 2, when 

producing one unit of output.

• These are the conditional factor demands 
evaluated at 𝑞 = 1 (unit factor demands); under 
constant returns, 𝑧(𝑤, 𝑞) = 𝑞 ⋅ 𝑧(𝑤, 1).



Comparative Statics

• The production of good 1 is more intensive in 
factor 1 than is the production of good 2 if

𝑧11(𝑤)

𝑧21(𝑤)
>

𝑧12(𝑤)

𝑧22(𝑤)

– where 
𝑧1𝑗(𝑤)

𝑧2𝑗(𝑤)
 represents firm 𝑗’s demand for input 1 

relative to that of input 2.



Comparative Statics: Price Change

1) Changes in the price of one good, 𝑝𝑗 
(Stolper-Samuelson theorem):
– Consider an economy with two consumers and 

two firms satisfying the above factor intensity 
assumption.

– If the price of good 𝑗, 𝑝𝑗, increases, then:

a) the equilibrium price of the factor more 
intensively used in the production of good 𝑗 
increases; while 

b) the equilibrium price of the other factor 
decreases.
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• Proof:
– Let us first take the equilibrium conditions

𝑐1 𝑤1, 𝑤2 = 𝑝1 and  𝑐2 𝑤1, 𝑤2 = 𝑝2

– Differentiating them yields
𝜕𝑐1 𝑤1,𝑤2

𝜕𝑤1
𝑑𝑤1 +

𝜕𝑐1 𝑤1,𝑤2

𝜕𝑤2
𝑑𝑤2 = 𝑑𝑝1 

𝜕𝑐2 𝑤1,𝑤2

𝜕𝑤1
𝑑𝑤1 +

𝜕𝑐2 𝑤1,𝑤2

𝜕𝑤2
𝑑𝑤2 = 𝑑𝑝2 

– Applying Shephard’s lemma, we obtain

𝑧11 𝑤 𝑑𝑤1 + 𝑧21 𝑤 𝑑𝑤2 = 𝑑𝑝1 

𝑧12 𝑤 𝑑𝑤1 + 𝑧22 𝑤 𝑑𝑤2 = 𝑑𝑝2 



Comparative Statics: Price Change

• If only price 𝑝1 varies, then 𝑑𝑝2 = 0. Hence, we 
can rewrite the second expression as

𝑧12(𝑤)𝑑𝑤1 + 𝑧22(𝑤)𝑑𝑤2 = 0,  so 𝑑𝑤2 = −
𝑧12

𝑧22
𝑑𝑤1

• Substituting 𝑑𝑤2 = −
𝑧12

𝑧22
𝑑𝑤1 into the first 

expression yields

𝑧11 −
𝑧21𝑧12

𝑧22
𝑑𝑤1 = 𝑑𝑝1



Comparative Statics: Price Change

• Solving for the ratio and multiplying its 
numerator and denominator by 𝑧22,

𝑑𝑤1

𝑑𝑝1
=

𝑧22

𝑧11𝑧22 − 𝑧12𝑧21

• Substituting this into 𝑑𝑤2 = −
𝑧12

𝑧22
𝑑𝑤1 yields

𝑑𝑤2

𝑑𝑝1
= −

𝑧12

𝑧11𝑧22 − 𝑧12𝑧21



Comparative Statics: Price Change

• From the factor intensity condition,
𝑧11(𝑤)

𝑧21(𝑤)
>

𝑧12(𝑤)

𝑧22(𝑤)

• cross-multiplying (all factor demands are 
positive),

𝑧11𝑧22 − 𝑧12𝑧21 > 0



Comparative Statics: Price Change

• Hence, the denominator in both 
𝑑𝑤1

𝑑𝑝1
 and 

𝑑𝑤2

𝑑𝑝1
 is 

positive.

• Since 𝑧22 > 0 and 𝑧12 > 0 (factor demands), 
𝑑𝑤1

𝑑𝑝1
> 0 and 

𝑑𝑤2

𝑑𝑝1
< 0.



Comparative Statics: Price Change

• Example 6.11:

– Let us find the unit factor demands in Example 6.8, 
where factor 1 is capital (𝑤1 = 𝑟) and factor 2 is labor 
(𝑤2 = 𝑤).

– From firm 1’s tangency condition,

𝑀𝑅𝑇𝑆𝐿,𝐾
1 =

1

3

𝐾1

𝐿1
=

𝑤

𝑟
,  so 𝐿1 =

𝑟𝐾1

3𝑤

– Substituting into 𝑦1 = 𝐾1
0.75𝐿1

0.25,

𝑦1 = 𝐾1
0.75

𝑟𝐾1

3𝑤

0.25

= 𝐾1

𝑟

3𝑤

0.25



Comparative Statics: Price Change

• Example 6.11 (continued):

– Setting 𝑦1 = 1 and using 𝐿1 =
𝑟𝐾1

3𝑤
, firm 1’s unit factor 

demands are

𝑧11 = 𝑧𝐾1 =
𝑟

3𝑤

−1/4

 and 𝑧21 = 𝑧𝐿1 =
𝑟

3𝑤

3/4

– From firm 2’s tangency condition,

𝑀𝑅𝑇𝑆𝐿,𝐾
2 = 3

𝐾2

𝐿2
=

𝑤

𝑟
,  so 𝐾2 =

𝑤𝐿2

3𝑟



Comparative Statics: Price Change

• Example 6.11 (continued):

– Substituting into 𝑦2 = 𝐾2
0.25𝐿2

0.75,

𝑦2 =
𝑤𝐿2

3𝑟

0.25

𝐿2
0.75 = 𝐿2

𝑤

3𝑟

0.25

– Setting 𝑦2 = 1 and using 𝐾2 =
𝑤𝐿2

3𝑟
, firm 2’s unit factor 

demands are

𝑧12 = 𝑧𝐾2 =
𝑤

3𝑟

3/4

 and 𝑧22 = 𝑧𝐿2 =
𝑤

3𝑟

−1/4



Comparative Statics: Price Change

• Example 6.11 (continued):

– Hence,

𝑧11𝑧22 − 𝑧12𝑧21 =
𝑟

3𝑤

−1/4 𝑤

3𝑟

−1/4

−
𝑤

3𝑟

3/4 𝑟

3𝑤

3/4

=
1

9

−1/4

−
1

9

3/4

= 3 −
1

3 3
=

8

3 3
≈ 1.54 > 0

– for every (𝑟, 𝑤): firm 1 is more capital intensive than 
firm 2 at all factor prices.



Comparative Statics: Price Change

• Example 6.11 (continued):

– Using the expressions from the proof, with 𝑤1 = 𝑟 

and 𝑤2 = 𝑤: at (𝑟, 𝑤) = (0.42,0.63), 
𝑤

3𝑟
=

1

2
, so

𝑧22 = 21/4 ≈ 1.19 and 𝑧12 = 2−3/4 ≈ 0.59

𝑑𝑟

𝑑𝑝1
=

𝑧22

𝑧11𝑧22 − 𝑧12𝑧21
=

21/4 ⋅ 3 3

8
≈ 0.77 > 0

𝑑𝑤

𝑑𝑝1
= −

𝑧12

𝑧11𝑧22 − 𝑧12𝑧21
= −

2−3/4 ⋅ 3 3

8
≈ −0.39 < 0



Comparative Statics: Endowment Change

2) Changes in endowments (Rybczynski 
theorem):

– Consider an economy with two consumers and 
two firms satisfying the above factor intensity 
assumption. 

– Holding goods prices (𝑝1, 𝑝2), and hence factor 
prices, constant, if the endowment of one factor 
increases while the other stays fixed, then

a) production of the good that uses this factor 
more intensively increases; whereas

b) the production of the other good decreases.



Comparative Statics: Endowment Change

• Proof:

– Consider an economy with two factors, labor and 
capital, and two goods, 1 and 2.

– Let 𝑧𝐿𝑗(𝑤) denote firm 𝑗’s factor demand for labor 

(when producing one unit of output).

– Similarly, let 𝑧𝐾𝑗(𝑤) denote firm 𝑗’s factor demand for 

capital per unit of output.



Comparative Statics: Endowment Change

• Since goods prices, and hence factor prices, are 
fixed, the 𝑧’s are constant.

• Then, factor feasibility requires
𝐿 = 𝑧𝐿1(𝑤) ⋅ 𝑦1 + 𝑧𝐿2(𝑤) ⋅ 𝑦2

𝐾 = 𝑧𝐾1(𝑤) ⋅ 𝑦1 + 𝑧𝐾2(𝑤) ⋅ 𝑦2



Comparative Statics: Endowment Change

• Differentiating the first condition (the 𝑧’s are 
constant),

𝑑𝐿 = 𝑧𝐿1𝑑𝑦1 + 𝑧𝐿2𝑑𝑦2

• Dividing both sides by 𝐿, and multiplying and 
dividing the term of each good 𝑗 by 𝑦𝑗, we obtain

𝑑𝐿

𝐿
=

𝑧𝐿1𝑦1

𝐿

𝑑𝑦1

𝑦1
+

𝑧𝐿2𝑦2

𝐿

𝑑𝑦2

𝑦2



Comparative Statics: Endowment Change

• We can express:

–
𝑧𝐿𝑗(𝑤)𝑦𝑗

𝐿
≡ 𝛾𝐿𝑗, the share of labor used by firm 𝑗;

–
𝑑𝑦𝑗

𝑦𝑗
≡ %𝛥𝑦𝑗, the percentage change in the output of 

good 𝑗;

–
𝑑𝐿

𝐿
≡ %𝛥𝐿, the percentage increase in the 

endowment of labor in the economy.



Comparative Statics: Endowment Change

• Hence, the above expression becomes
%𝛥𝐿 = 𝛾𝐿1 ⋅ %𝛥𝑦1 + 𝛾𝐿2 ⋅ %𝛥𝑦2

• A similar expression can be obtained for the 
endowment of capital:

%𝛥𝐾 = 𝛾𝐾1 ⋅ %𝛥𝑦1 + 𝛾𝐾2 ⋅ %𝛥𝑦2



Comparative Statics: Endowment Change

• Note that 𝛾𝐿1, 𝛾𝐿2 ∈ (0,1) and 𝛾𝐿1 + 𝛾𝐿2 = 1 (full 
employment).

• Hence, %𝛥𝐿 is a weighted average of %𝛥𝑦1 and 
%𝛥𝑦2, so it lies between them.

• The same argument applies to %𝛥𝐾, where 
𝛾𝐾1, 𝛾𝐾2 ∈ (0,1) and 𝛾𝐾1 + 𝛾𝐾2 = 1.



Comparative Statics: Endowment Change

• Capital is assumed to be more intensively used in 
firm 1,

𝐾1

𝐿1
>

𝐾2

𝐿2

• Since 𝐾2 = 𝐾 − 𝐾1 and 𝐿2 = 𝐿 − 𝐿1, this holds if 
and only if 𝐾1𝐿 > 𝐿1𝐾, that is,

𝛾𝐾1 =
𝐾1

𝐾
>

𝐿1

𝐿
= 𝛾𝐿1

– where 𝛾𝐾𝑗 =
𝑧𝐾𝑗(𝑤)𝑦𝑗

𝐾
=

𝐾𝑗

𝐾
; hence, 𝛾𝐾2 < 𝛾𝐿2 for firm 

2.



Comparative Statics: Endowment Change

• Subtracting the expression for %𝛥𝐿 from that for 
%𝛥𝐾, and using 𝛾𝐾2 − 𝛾𝐿2 = −(𝛾𝐾1 − 𝛾𝐿1),

%𝛥𝐾 − %𝛥𝐿 = (𝛾𝐾1 − 𝛾𝐿1)(%𝛥𝑦1 − %𝛥𝑦2)

• Hence, if capital becomes relatively more 
abundant than labor, %𝛥𝐾 > %𝛥𝐿, then 
%𝛥𝑦1 > %𝛥𝑦2.



Comparative Statics: Endowment Change

• If, in addition, the endowment of labor stays 
fixed, %𝛥𝐿 = 0, then

0 = 𝛾𝐿1 ⋅ %𝛥𝑦1 + 𝛾𝐿2 ⋅ %𝛥𝑦2

– so %𝛥𝑦1 and %𝛥𝑦2 have opposite signs, that is, 
%𝛥𝑦1 > 0 > %𝛥𝑦2.

• Since %𝛥𝐾 is a weighted average of %𝛥𝑦1 and 
%𝛥𝑦2,

%𝛥𝑦1 > %𝛥𝐾 > 0 > %𝛥𝑦2



Comparative Statics: Endowment Change

• That is,
%𝛥𝐿 = 𝛾𝐿1 ⋅ %𝛥𝑦1 + 𝛾𝐿2 ⋅ %𝛥𝑦2

%𝛥𝐾 = 𝛾𝐾1 ⋅ %𝛥𝑦1 + 𝛾𝐾2 ⋅ %𝛥𝑦2

– where 𝛾𝐾1 > 𝛾𝐿1 and 𝛾𝐾2 < 𝛾𝐿2: relative to labor, 
capital puts more weight on %𝛥𝑦1.

• Intuition: the change in the input endowment 
produces a more-than-proportional increase in 
the output of the good whose production is 
intensive in that input, and the output of the 
other good falls.



Comparative Statics: Endowment Change

• Example 6.12 (Rybczynski theorem):

– Consider Example 6.8, where the aggregate 

endowments are 𝐾 = 3 and 𝐿 = 2.

– The endowment of capital increases to 𝐾 = 5, while 

𝐿 = 2 stays fixed.

– Goods prices stay at 𝑝1 = 0.82 and 𝑝2 = 1, so factor 

prices stay at (𝑟, 𝑤) = (0.42,0.63), with 
𝑟

𝑤
=

2

3
.
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• Example 6.12 (continued):

– From Example 6.11, with 
𝑟

3𝑤
=

2

9
 and 

𝑤

3𝑟
=

1

2
, the unit 

factor demands are

𝑧𝐾1 =
2

9

−1/4

≈ 1.46,  𝑧𝐿1 =
2

9

3/4

≈ 0.32

𝑧𝐾2 =
1

2

3/4

≈ 0.59,  𝑧𝐿2 =
1

2

−1/4

≈ 1.19

– Since prices are fixed, these do not change.



Comparative Statics: Endowment Change

• Example 6.12 (continued):

– Factor feasibility with 𝐾 = 5 and 𝐿 = 2 requires
5 = 1.46𝑦1 + 0.59𝑦2

2 = 0.32𝑦1 + 1.19𝑦2

– Each firm keeps its capital-labor ratio,
𝐾1

𝐿1
=

𝑧𝐾1

𝑧𝐿1
=

9

2
 and 

𝐾2

𝐿2
=

𝑧𝐾2

𝑧𝐿2
=

1

2



Comparative Statics: Endowment Change

• Example 6.12 (continued):

– Solving, the inputs used by each firm are

(𝐾1, 𝐿1; 𝐾2, 𝐿2) =
9

2
, 1;

1

2
, 1

– so outputs become

𝑦1 =
9

2

3/4

≈ 3.09 and 𝑦2 =
1

2

1/4

≈ 0.84
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• Example 6.12 (continued):

– Relative to Example 6.8 (𝑦1 ≈ 1.54 and 𝑦2 ≈ 1.26), 
the output of good 1 doubles (+100%), while that of 
good 2 falls by one third (−33.3%).

– Firm 1 uses capital more intensively than firm 2: 
𝐾1

𝐿1
=

9

2
>

1

2
=

𝐾2

𝐿2
.

– If, instead, goods prices adjusted to a new WEA 

(Example 6.8 with 𝐾 = 5), then 
𝑝1

𝑝2
≈ 0.63 and both 

outputs would rise, to 𝑦1 ≈ 2.27 and 𝑦2 ≈ 1.43.



Comparative Statics: Endowment Change

• Example 6.12 (continued):

– Let us now apply the proof. Since goods prices are 
fixed, the 𝑧’s are those above.

– Using 𝛾𝐾𝑗 =
𝐾𝑗

𝐾
 and 𝛾𝐿𝑗 =

𝐿𝑗

𝐿
 and the values from 

Example 6.8, we can assign the following values:

𝛾𝐾1 =
2.25

3
= 0.75 and 𝛾𝐾2 =

0.75

3
= 0.25

𝛾𝐿1 =
0.5

2
= 0.25 and 𝛾𝐿2 =

1.5

2
= 0.75
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• Example 6.12 (continued):

– Our two equations then become
0 = 0.25 ⋅ %𝛥𝑦1 + 0.75 ⋅ %𝛥𝑦2
2

3
= 0.75 ⋅ %𝛥𝑦1 + 0.25 ⋅ %𝛥𝑦2

– where %𝛥𝐾 =
5−3

3
=

2

3
. Solving them simultaneously 

yields

%𝛥𝑦1 = 1 = 100% and %𝛥𝑦2 = −
1

3
≈ −33.3%



Comparative Statics: Endowment Change

• Example 6.12 (continued):

– Hence, an increase in the endowment of capital by 
67% raises good 1’s output by 100%, while that of 
good 2 decreases by 33.3%:

%𝛥𝑦1 = 100% > %𝛥𝐾 ≈ 67% > 0 > %𝛥𝑦2 ≈ −33.3%

– These are the output changes found above 
(magnification effect).



Introducing Taxes



Introducing Taxes: Tax on Goods

• Assume that a sales tax 𝑡𝑘 is imposed on good 𝑘. 

Then the price paid by consumers rises to 𝑝𝑘
𝐶 =

(1 + 𝑡𝑘)𝑝𝑘
𝑃, where 𝑝𝑘

𝑃 is the price received by 
producers.

• If goods 1 and 2 face the same tax, 𝑡1 = 𝑡2, 
consumers and producers face the same price 
ratio:

𝑝1
𝐶

𝑝2
𝐶 =

(1 + 𝑡1)𝑝1
𝑃

(1 + 𝑡2)𝑝2
𝑃 =

𝑝1
𝑃

𝑝2
𝑃



Introducing Taxes: Tax on Goods

• Hence, with inputs in fixed supply and tax 
revenue returned lump-sum, the after-tax 
allocation is still Pareto efficient.

• However, if only good 1 is affected by the tax, i.e., 
𝑡1 > 0 while 𝑡2 = 0, then the allocation will not 
be Pareto efficient.



Introducing Taxes: Tax on Goods

• In this setting, each firm’s 𝑀𝑅𝑇𝑆𝐿,𝐾 still equals 

the common input price ratio 
𝑤𝐿

𝑤𝐾
:

𝜕𝐹1
𝜕𝐿
𝜕𝐹1
𝜕𝐾

=
𝑤𝐿

𝑤𝐾
=

𝜕𝐹2
𝜕𝐿
𝜕𝐹2
𝜕𝐾

• Therefore, the allocation of inputs still achieves 
productive efficiency.



Introducing Taxes: Tax on Goods

• Similarly, the 𝑀𝑅𝑇1,2 still coincides with the price 
ratio of goods 1 and 2:

𝑀𝑅𝑇1,2 =

𝜕𝐹2
𝜕𝐿
𝜕𝐹1
𝜕𝐿

=
𝑝1

𝑃

𝑝2
=

𝜕𝐹2
𝜕𝐾
𝜕𝐹1
𝜕𝐾

– where 𝑝1
𝑃 is the price that producers of good 1 

receive, net of the tax (since 𝑡2 = 0, 𝑝2 = 𝑝2
𝐶 = 𝑝2

𝑃).



Introducing Taxes: Tax on Goods

• However, while 𝑀𝑅𝑆1,2 equals the price ratio that 

consumers face, 
𝑝1

𝐶

𝑝2
=

(1+𝑡1)𝑝1
𝑃

𝑝2
, it now becomes 

larger than the price ratio that producers face, 
𝑝1

𝑃

𝑝2
:

𝑀𝑅𝑆1,2 =
𝑝1

𝐶

𝑝2
=

(1 + 𝑡1)𝑝1
𝑃

𝑝2
>

𝑝1
𝑃

𝑝2
= 𝑀𝑅𝑇1,2



Introducing Taxes: Tax on Goods

• Intuition: The rate at which consumers are willing 
to give up good 2 for an additional unit of good 1 
is larger than the rate at which firms must give up 
good 2 to produce an additional unit of good 1.

• Thus, efficiency calls for producing more of good 
1 and less of good 2: the tax leads to too little 
production of good 1.



Introducing Taxes: Tax on Inputs

• Similar arguments extend to the introduction of 
taxes on inputs.

• Assume that only inputs used by firm 2 are taxed: 
firm 2 pays 𝑤𝑚

𝑃 = (1 + 𝑡𝑚)𝑤𝑚
𝐶  for input 𝑚 ∈

{𝐿, 𝐾}, while firm 1 pays 𝑤𝑚
𝐶 .



Introducing Taxes: Tax on Inputs

• If both inputs are subject to the same tax, 𝑡𝐿 =
𝑡𝐾 = 𝑡, the input price ratios that firms 1 and 2 
face coincide:

𝑤𝐿
𝑃

𝑤𝐾
𝑃 =

(1 + 𝑡)𝑤𝐿
𝐶

(1 + 𝑡)𝑤𝐾
𝐶 =

𝑤𝐿
𝐶

𝑤𝐾
𝐶

• Hence, the efficiency condition is unaffected.



Introducing Taxes: Tax on Inputs

• However, when taxes differ, 𝑡𝐿 ≠ 𝑡𝐾, productive 
efficiency no longer holds:

– While firm 1 (untaxed) satisfies

𝑤𝐿
𝐶

𝑤𝐾
𝐶 =

𝜕𝐹1
𝜕𝐿
𝜕𝐹1
𝜕𝐾

– and firm 2 (taxed) satisfies

𝑤𝐿
𝑃

𝑤𝐾
𝑃 =

𝜕𝐹2
𝜕𝐿
𝜕𝐹2
𝜕𝐾



Introducing Taxes: Tax on Inputs

• Hence, the input price ratios that firms 1 and 2 
face do not coincide:

𝑀𝑅𝑇𝑆𝐿,𝐾
1 =

𝜕𝐹1
𝜕𝐿
𝜕𝐹1
𝜕𝐾

=
𝑤𝐿

𝐶

𝑤𝐾
𝐶

𝑀𝑅𝑇𝑆𝐿,𝐾
2 =

𝜕𝐹2
𝜕𝐿
𝜕𝐹2
𝜕𝐾

=
𝑤𝐿

𝑃

𝑤𝐾
𝑃 =

(1 + 𝑡𝐿)𝑤𝐿
𝐶

(1 + 𝑡𝐾)𝑤𝐾
𝐶

• That is, the two firms’ 𝑀𝑅𝑇𝑆𝐿,𝐾 differ whenever 
𝑡𝐿 ≠ 𝑡𝐾.



Introducing Taxes: Tax on Inputs

• For instance, if 𝑡𝐿 > 𝑡𝐾, the 𝑀𝑅𝑇𝑆𝐿,𝐾 is larger for 
firm 2 than for firm 1:

𝑀𝑅𝑇𝑆𝐿,𝐾
2 − 𝑀𝑅𝑇𝑆𝐿,𝐾

1 =
𝑤𝐿

𝐶

𝑤𝐾
𝐶

𝑡𝐿 − 𝑡𝐾

1 + 𝑡𝐾
> 0

• Thus, the allocation of inputs is inefficient: labor 
is relatively more productive in firm 2 than in firm 
1.

– Moving labor from firm 1 to firm 2, and capital from 
firm 2 to firm 1, would raise the output of both goods.



Appendix: 
Large Economies and the Core



Large Economies and the Core

• We know that Walrasian equilibrium allocations 
(WEAs) are part of the core.

• We now show that, as the economy becomes 
larger, the core shrinks and, in the limit, only 
WEAs remain in the core of every replica 
economy.



Large Economies and the Core

• Let us first consider an economy with 𝐼 
consumers, each with utility function 𝑢𝑖 and 
endowment vector 𝐞𝑖.

• Consider this economy’s replica by doubling the 
number of consumers to 2𝐼, each of them still 
with utility function 𝑢𝑖 and endowment vector 𝐞𝑖.

– There are now two consumers of each type, i.e., 
“twins,” having identical preferences and 
endowments.



Large Economies and the Core

• Define an 𝑟-fold replica economy ℰ𝑟, having 𝑟 
consumers of each type, for a total of 𝑟𝐼 
consumers.

• For any consumer type 𝑖 ∈ {1, … , 𝐼}, all 𝑟 
consumers of that type share the common utility 
function 𝑢𝑖 and have identical endowments 𝐞𝑖 ≫
𝟎.

• Preferences satisfy the assumptions above. We 
also assume that indifference curves are 
differentiable.



Large Economies and the Core

• When comparing two replica economies, ℰ𝑟 is 
larger than ℰ𝑟′ when 𝑟 > 𝑟′, since it has more 
consumers of every type.

• Bundle 𝐱𝑖𝑞 indicates the vector of goods for the 
𝑞th consumer of type 𝑖.

• The feasibility condition is

෍

𝑖=1

𝐼

෍

𝑞=1

𝑟

𝐱𝑖𝑞 = 𝑟 ෍

𝑖=1

𝐼

𝐞𝑖



Large Economies and the Core

• Equal treatment in the core: Under the 
assumptions on preferences above (strict 
quasiconcavity is the key one), if 𝐱 is in the core 
of ℰ𝑟, then every consumer of type 𝑖 receives the 
same bundle,

𝐱𝑖𝑞 = 𝐱𝑖𝑞′

– for every two consumers 𝑞 ≠ 𝑞′ ∈ {1,2, … , 𝑟} of type 
𝑖, and for every type 𝑖 ∈ {1, … , 𝐼}.



Large Economies and the Core

• That is, in the 𝑟-fold replica economy, consumers 
of the same type not only start with the same 
endowment vector 𝐞𝑖, but they also end up with 
the same bundle in every core allocation.



Large Economies and the Core

• Proof (by contradiction):

– Consider a two-fold replica economy ℰ2. The 
argument extends to 𝑟-fold replicas (see below).

– Suppose that allocation 𝐱 ≡ 𝐱11, 𝐱12, 𝐱21, 𝐱22  is in 
the core of ℰ2, 𝐱 ∈ 𝐶2.

– Since 𝐱 is in the core, it must be feasible:
𝐱11 + 𝐱12 + 𝐱21 + 𝐱22 = 2𝐞1 + 2𝐞2



Large Economies and the Core

• Assume that allocation 𝐱 does not assign the 
same consumption vectors to the two type-1 
twins, 𝐱11 ≠ 𝐱12.

• Without loss of generality, label the type-1 twins 
so that 𝐱11 ≿1 𝐱12.

– This is true for both type-1 consumers, since they 
have the same preferences.

– The other case follows by relabeling the twins.



Large Economies and the Core

• Type-1 twins treated unequally in the core



Large Economies and the Core

• Similarly, label the type-2 twins so that 
𝐱21 ≿2 𝐱22.

• Hence, consumer 12 is the worst-off type-1 
consumer and consumer 22 is the worst-off type-
2 consumer.

• Let us take these two worst-off consumers, one 
of each type, and check if they can form a 
blocking coalition to oppose allocation 𝐱.



Large Economies and the Core

• The average bundles for type-1 and type-2 
consumers are

𝐱
1

=
𝐱11 + 𝐱12

2
 and 𝐱

2
=

𝐱21 + 𝐱22

2



Large Economies and the Core

• Average bundles leading to a blocking coalition



Large Economies and the Core

• Desirability. By the strict quasiconcavity assumed 
above, and since 𝐱11 ≠ 𝐱12, the worst-off type-1 

consumer strictly prefers 𝐱
1

 to 𝐱12:
𝐱

1
≻1 𝐱12

– That is, a convex combination (the midpoint) of 𝐱11 
and 𝐱12 is strictly preferred to the original bundle 𝐱12.



Large Economies and the Core

• A similar argument applies to the worst-off type-

2 consumer, 𝐱
2

≿2 𝐱22 (weakly, since 𝐱21 = 𝐱22 
is possible).

• Hence, 𝐱
1

, 𝐱
2

 makes consumer 12 strictly 

better off and leaves consumer 22 at least as well 
off as at the original allocation 𝐱12, 𝐱22 .



Large Economies and the Core

• Feasibility. Can consumers 12 and 22 achieve 

𝐱
1

, 𝐱
2

?

• Summing the bundles that consumers 12 and 22 
need, we obtain

𝐱
1

+ 𝐱
2

=
𝐱11 + 𝐱12

2
+

𝐱21 + 𝐱22

2

=
1

2
𝐱11 + 𝐱12 + 𝐱21 + 𝐱22 =

1

2
2𝐞1 + 2𝐞2 = 𝐞1 + 𝐞2

• Hence, the pair of bundles 𝐱
1

, 𝐱
2

 is feasible.



Large Economies and the Core

• In summary, the pair of bundles 𝐱
1

, 𝐱
2

:

– makes consumer 12 strictly better off and consumer 
22 no worse off than the original allocation 𝐱12, 𝐱22 ;

– is feasible for consumers 12 and 22.

• Thus, coalition {12, 22} blocks 𝐱, contradicting 
𝐱 ∈ 𝐶2.

• Therefore, if an allocation is in the core of the 
replica economy, it must give consumers of the 
same type the same bundle.



Large Economies and the Core

• The argument extends to ℰ𝑟: give the worst-off 
consumer of each type 𝑖 the average bundle

𝐱
𝑖

=
1

𝑟
෍

𝑞=1

𝑟

𝐱𝑖𝑞

• These bundles are feasible for the coalition of 
worst-off consumers:

෍

𝑖=1

𝐼

𝐱
𝑖

=
1

𝑟
෍

𝑖=1

𝐼

෍

𝑞=1

𝑟

𝐱𝑖𝑞 = ෍

𝑖=1

𝐼

𝐞𝑖

– Each of them weakly prefers 𝐱
𝑖
, and strictly so for a 

type with unequal bundles.



Large Economies and the Core

• If 𝐱 is in the core of an 𝑟-fold replica economy ℰ𝑟, 
𝐱 ∈ 𝐶𝑟, then (by the equal treatment property) 
allocation 𝐱 must be of the form

𝐱 = 𝐱1, … , 𝐱1

𝑟 times

, 𝐱2, … , 𝐱2

𝑟 times

, … , 𝐱𝐼 , … , 𝐱𝐼

𝑟 times

– All consumers of the same type must receive the same 
bundle.



Large Economies and the Core

• Core allocations in ℰ𝑟 are 𝑟-fold copies of feasible 
allocations in ℰ1, 𝐱 = 𝐱1, 𝐱2, … , 𝐱𝐼 .

• Dividing the feasibility condition in ℰ𝑟 by 𝑟,

𝑟 ෍

𝑖=1

𝐼

𝐱𝑖 = 𝑟 ෍

𝑖=1

𝐼

𝐞𝑖 ,  so ෍

𝑖=1

𝐼

𝐱𝑖 = ෍

𝑖=1

𝐼

𝐞𝑖



Large Economies and the Core

• The core shrinks as the economy enlarges: the 
sequence of core sets is nested,

𝐶1 ⊇ 𝐶2 ⊇ ⋯ ⊇ 𝐶𝑟

– where each core allocation is viewed as its type profile 
𝐱1, … , 𝐱𝐼 .

• That is, the core of the original (un-replicated) 
economy, 𝐶1, is a superset of the core of the 2-
fold replica economy, 𝐶2; 𝐶2 is a superset of the 
core of the 3-fold replica economy, 𝐶3; etc.



Large Economies and the Core

• The core shrinks as 𝑟 increases



Large Economies and the Core

• Proof:

– Since we seek to show that 𝐶1 ⊇ 𝐶2 ⊇ ⋯ ⊇ 𝐶𝑟−1 ⊇
𝐶𝑟, it suffices to show that, for every 𝑟 ≥ 2, 𝐶𝑟−1 ⊇
𝐶𝑟.

– Suppose that allocation 𝐱 = 𝐱1, 𝐱2, … , 𝐱𝐼 ∈ 𝐶𝑟.

– There is no blocking coalition to 𝐱 in the 𝑟-fold replica 
economy ℰ𝑟.

– The 𝑟 − 1 -fold copy of 𝐱 is feasible in ℰ𝑟−1. We then 
need to show that 𝐱 cannot be blocked by any 
coalition in ℰ𝑟−1 either.



Large Economies and the Core

• If we could find a coalition 𝑆 that blocks 𝐱 in ℰ𝑟−1 
with bundles 𝐲, then we could also find a blocking 
coalition in ℰ𝑟:

– all members of ℰ𝑟−1 are also present in ℰ𝑟, and their 
endowments have not changed.

• The same coalition 𝑆 with the same bundles 𝐲 is 
feasible in ℰ𝑟, which contradicts 𝐱 ∈ 𝐶𝑟. Hence, 
𝐱 ∈ 𝐶𝑟−1.



Large Economies and the Core

• We now show that the core shrinks strictly: some 
allocations in 𝐶1 are not in 𝐶2.

• Consider an economy with two consumers and 
two goods. We show that the endpoint ෤𝐱 of 𝐶1, 
where consumer 1 is indifferent between ෤𝐱1 and 
𝐞1, does not belong to the core of the 2-fold 
replica economy, 𝐶2.



Large Economies and the Core

• Un-replicated economy ℰ1



Large Economies and the Core

• ෤𝐱 is the endpoint of the core at which consumer 1 
is indifferent to 𝐞.

• ෤𝐱 is not a WEA, since the line through ෤𝐱 and 𝐞 is 
not tangent to the consumers’ indifference curves 
at ෤𝐱.

• If the core shrinks as the economy enlarges, we 
should be able to show that ෤𝐱 ∉ 𝐶2.

• Let us build a blocking coalition against ෤𝐱.



Large Economies and the Core

• Desirability. In ℰ2, ෤𝐱 gives ෤𝐱11 = ෤𝐱12 = ෤𝐱1 to the 
type-1 consumers and ෤𝐱21 = ෤𝐱22 = ෤𝐱2 to the 
type-2 consumers.

• Consider the coalition 𝑆 = {11,12,21} and the 

midpoint 
1

2
𝐞1 +

1

2
෤𝐱1.

• Since 𝑢1 𝐞1 = 𝑢1 ෤𝐱1  and 𝐞1 ≠ ෤𝐱1, strict 
quasiconcavity gives

𝑢1
1

2
𝐞1 +

1

2
෤𝐱1 > 𝑢1 ෤𝐱1



Large Economies and the Core

• Hence, the midpoint is strictly preferred by both 
type-1 consumers.

• If the midpoint is offered to consumers 11 and 
12, while consumer 21 keeps ෤𝐱2, they will all 
accept it:

𝐱
11

≡
1

2
𝐞1 + ෤𝐱11 ≻1 ෤𝐱11

𝐱
12

≡
1

2
𝐞1 + ෤𝐱12 ≻1 ෤𝐱12

• Consumer 21 receives 𝐱
21

= ෤𝐱2, so he is 
indifferent.



Large Economies and the Core

• Feasibility. Since 𝐱
11

= 𝐱
12

, the sum of the 
proposed bundles is

𝐱
11

+ 𝐱
12

+ 𝐱
21

= 2 ×
1

2
𝐞1 + ෤𝐱11 + ෤𝐱21

= 𝐞1 + ෤𝐱11 + ෤𝐱21

• Recall that ෤𝐱 ∈ 𝐶1, so it is feasible in ℰ1:
෤𝐱1 + ෤𝐱2 = 𝐞1 + 𝐞2

• Therefore, since ෤𝐱11 = ෤𝐱1 and ෤𝐱21 = ෤𝐱2,
෤𝐱11 + ෤𝐱21 = 𝐞1 + 𝐞2



Large Economies and the Core

• We can thus rewrite the above equality as

𝐱
11

+ 𝐱
12

+ 𝐱
21

= 𝐞1 + ෤𝐱11 + ෤𝐱21

=𝐞1+𝐞2

= 2𝐞1 + 𝐞2

• This confirms feasibility.



Large Economies and the Core

• Hence, the endpoint ෤𝐱 in the core of the un-
replicated economy does not belong to the core 
of the two-fold replica economy, ෤𝐱 ∉ 𝐶2.

• There is a blocking coalition 𝑆 = {11,12,21} and 

an alternative allocation 𝐱 = 𝐱
11

, 𝐱
12

, 𝐱
21

 that 

makes consumers 11 and 12 strictly better off 
and leaves consumer 21 indifferent, and that is 
feasible for the coalition members.



Large Economies and the Core

• WEA in replicated economies:

– Consider a WEA in the un-replicated economy ℰ1, 𝐱 =
𝐱1, 𝐱2, … , 𝐱𝐼 , at prices 𝐩∗.

– 𝐱 is a WEA of ℰ1 at prices 𝐩∗ if and only if its 𝑟-fold 
copy is a WEA of ℰ𝑟 at 𝐩∗:

𝐱 = 𝐱1, … , 𝐱1

𝑟 times

, 𝐱2, … , 𝐱2

𝑟 times

, … , 𝐱𝐼 , … , 𝐱𝐼

𝑟 times



Large Economies and the Core

• Each type-𝑖 consumer faces the same budget and 
has the same demand, so excess demand in ℰ𝑟 is 
𝑟 times that in ℰ1.

• Hence, the 𝑟-fold copy of a WEA also belongs to 
the core of ℰ𝑟 (because every WEA is in the core, 
𝑊(𝐞) ⊆ 𝐶(𝐞), shown earlier).



Large Economies and the Core

• A limit theorem on the core: If 𝐱 is an allocation 
of ℰ1 whose 𝑟-fold copy belongs to 𝐶𝑟 for every 
𝑟 ≥ 1, then 𝐱 must be a WEA of the un-replicated 
economy ℰ1.

• We prove it for two types and two goods, with 
differentiable indifference curves (the general 
result, Debreu and Scarf 1963, uses a separating-
hyperplane argument).



Large Economies and the Core

• Proof (by contradiction):

– Consider that ෤𝐱 belongs to 𝐶𝑟 for every 𝑟 ≥ 1, but is 
not a WEA.

– Since ෤𝐱 ∈ 𝐶𝑟 and 𝐶𝑟 ⊆ 𝐶1, ෤𝐱 ∈ 𝐶1.

– Allocation ෤𝐱 must then be within the lens-shaped area 
and on the contract curve.



Large Economies and the Core

• A core allocation ෤𝐱 that is not a WEA

– 𝐴: the second intersection of the line through 𝐞 and ෤𝐱 
with consumer 1’s indifference curve through ෤𝐱.



Large Economies and the Core

• Consider now the line connecting ෤𝐱 and 𝐞, and let 
𝑝1

𝑝2
 be its slope (in absolute value).

• Since ෤𝐱 is on the contract curve, 𝑀𝑅𝑆1,2
1 ෤𝐱1 =

𝑀𝑅𝑆1,2
2 ෤𝐱2 .

• Since ෤𝐱 is not a WEA, 
𝑝1

𝑝2
≠ 𝑀𝑅𝑆1,2

1 ෤𝐱1 , so the 

line is tangent to neither indifference curve.

• Relabel types if needed so that the line cuts 
consumer 1’s indifference curve at ෤𝐱, as in the 
figure.



Large Economies and the Core

• Can allocation ෤𝐱 be in 𝐶𝑟 for every 𝑟 and yet not 
be a WEA?

• Let us show that if ෤𝐱 is not a WEA, it cannot be in 
𝐶𝑟 for every 𝑟.

• To demonstrate that ෤𝐱 ∉ 𝐶𝑟  for 𝑟 large enough, 
let us find a blocking coalition.



Large Economies and the Core

• By strict convexity of preferences, we can find a 
set of bundles (such as those between 𝐴 and ෤𝐱1) 
that type-1 consumers strictly prefer to ෤𝐱1:

ො𝐱1 ≡
1

𝑟
𝐞1 +

𝑟 − 1

𝑟
෤𝐱1

– where 𝑟 is large enough that ො𝐱1 lies between 𝐴 and 
෤𝐱1.



Large Economies and the Core

• Consider a coalition 𝑆 with all 𝑟 type-1 consumers 
and 𝑟 − 1 type-2 consumers.

• Let us now show that allocation ො𝐱 satisfies the 
properties of desirability and feasibility for the 
blocking coalition 𝑆.



Large Economies and the Core

• Desirability. If we give every type-1 consumer the 
bundle ො𝐱1, then ො𝐱1 ≻1 ෤𝐱1.

• Each type-2 consumer in 𝑆 keeps ො𝐱2 = ෤𝐱2 and is 
indifferent.



Large Economies and the Core

• Feasibility. The coalition’s endowment is
𝑟𝐞1 + 𝑟 − 1 𝐞2

• Summing over the consumers in coalition 𝑆, their 
aggregate allocation is

𝑟ො𝐱1 + 𝑟 − 1 ො𝐱2 = 𝑟
1

𝑟
𝐞1 +

𝑟 − 1

𝑟
෤𝐱1 + 𝑟 − 1 ෤𝐱2

= 𝐞1 + 𝑟 − 1 ෤𝐱1 + ෤𝐱2



Large Economies and the Core

• Since ෤𝐱 = ෤𝐱1, ෤𝐱2  is in the core of ℰ1, it must be 
feasible:

෤𝐱1 + ෤𝐱2 = 𝐞1 + 𝐞2

• Combining the above two results, we find that
𝑟ො𝐱1 + 𝑟 − 1 ො𝐱2 = 𝐞1 + 𝑟 − 1 ෤𝐱1 + ෤𝐱2

=𝐞1+𝐞2

= 𝐞1 + 𝑟 − 1 𝐞1 + 𝐞2 = 𝑟𝐞1 + 𝑟 − 1 𝐞2



Large Economies and the Core

• This confirms feasibility.

• Hence, 𝑟 type-1 consumers and 𝑟 − 1 type-2 
consumers can form a coalition that blocks ෤𝐱 in 
ℰ𝑟, so ෤𝐱 ∉ 𝐶𝑟.



Large Economies and the Core

• Thus, if ෤𝐱 is not a WEA, then ෤𝐱 ∉ 𝐶𝑟 for every 𝑟 
large enough.

• As a consequence, if ෤𝐱 ∈ 𝐶𝑟  for all 𝑟 ≥ 1, then ෤𝐱 
must be a WEA.

• Together with the result on WEAs of replica 
economies, the allocations that remain in 𝐶𝑟 for 
every 𝑟 are the WEAs.


	Slide 1: Advanced Microeconomic Theory
	Slide 2: Outline
	Slide 3: General Equilibrium
	Slide 4: General Equilibrium
	Slide 5: General Equilibrium: No Production
	Slide 6: General Equilibrium: No Production
	Slide 7: General Equilibrium: No Production
	Slide 8: General Equilibrium: No Production
	Slide 9: General Equilibrium: No Production
	Slide 10: General Equilibrium: No Production
	Slide 11: General Equilibrium: No Production
	Slide 12: General Equilibrium: No Production
	Slide 13: General Equilibrium: No Production
	Slide 14: General Equilibrium: No Production
	Slide 15: General Equilibrium: No Production
	Slide 16: General Equilibrium: No Production
	Slide 17: General Equilibrium: No Production
	Slide 18: General Equilibrium: No Production
	Slide 19: General Equilibrium: No Production
	Slide 20: General Equilibrium: No Production
	Slide 21: General Equilibrium: No Production
	Slide 22: General Equilibrium: No Production
	Slide 23: General Equilibrium: No Production
	Slide 24: General Equilibrium: No Production
	Slide 25: General Equilibrium: No Production
	Slide 26: General Equilibrium: No Production
	Slide 27: General Equilibrium: No Production
	Slide 28: General Equilibrium: No Production
	Slide 29: General Equilibrium: No Production
	Slide 30: General Equilibrium: No Production
	Slide 31: General Equilibrium: No Production
	Slide 32: General Equilibrium: No Production
	Slide 33: General Equilibrium: No Production
	Slide 34: General Equilibrium: Competitive Markets
	Slide 35: General Equilibrium: Competitive Markets
	Slide 36: General Equilibrium: Competitive Markets
	Slide 37: General Equilibrium: Competitive Markets
	Slide 38: General Equilibrium: Competitive Markets
	Slide 39: General Equilibrium: Competitive Markets
	Slide 40: General Equilibrium: Competitive Markets
	Slide 41: General Equilibrium: Competitive Markets
	Slide 42: General Equilibrium: Competitive Markets
	Slide 43: General Equilibrium: Competitive Markets
	Slide 44: General Equilibrium: Competitive Markets
	Slide 45: General Equilibrium: Competitive Markets
	Slide 46: General Equilibrium: Competitive Markets
	Slide 47: General Equilibrium: Competitive Markets
	Slide 48: General Equilibrium: Competitive Markets
	Slide 49: General Equilibrium: Competitive Markets
	Slide 50: General Equilibrium: Competitive Markets
	Slide 51: General Equilibrium: Competitive Markets
	Slide 52: General Equilibrium: Competitive Markets
	Slide 53: General Equilibrium: Competitive Markets
	Slide 54: General Equilibrium: Competitive Markets
	Slide 55: General Equilibrium: Competitive Markets
	Slide 56: General Equilibrium: Competitive Markets
	Slide 57: General Equilibrium: Competitive Markets
	Slide 58: General Equilibrium: Competitive Markets
	Slide 59: General Equilibrium: Competitive Markets
	Slide 60: General Equilibrium: Competitive Markets
	Slide 61: General Equilibrium: Competitive Markets
	Slide 62: General Equilibrium: Competitive Markets
	Slide 63: General Equilibrium: Competitive Markets
	Slide 64: General Equilibrium: Competitive Markets
	Slide 65: General Equilibrium: Competitive Markets
	Slide 66: General Equilibrium: Competitive Markets
	Slide 67: General Equilibrium: Competitive Markets
	Slide 68: General Equilibrium: Competitive Markets
	Slide 69: General Equilibrium: Competitive Markets
	Slide 70: General Equilibrium: Competitive Markets
	Slide 71: General Equilibrium: Competitive Markets
	Slide 72: General Equilibrium: Competitive Markets
	Slide 73: General Equilibrium: Competitive Markets
	Slide 74: General Equilibrium: Competitive Markets
	Slide 75: General Equilibrium: Competitive Markets
	Slide 76: General Equilibrium: Competitive Markets
	Slide 77: General Equilibrium: Competitive Markets
	Slide 78: General Equilibrium: Competitive Markets
	Slide 79: General Equilibrium: Competitive Markets
	Slide 80: General Equilibrium: Competitive Markets
	Slide 81: General Equilibrium: Competitive Markets
	Slide 82: General Equilibrium: Competitive Markets
	Slide 83: General Equilibrium: Competitive Markets
	Slide 84: General Equilibrium: Competitive Markets
	Slide 85: General Equilibrium: Competitive Markets
	Slide 86: General Equilibrium: Competitive Markets
	Slide 87: General Equilibrium: Competitive Markets
	Slide 88: General Equilibrium: Competitive Markets
	Slide 89: General Equilibrium: Competitive Markets
	Slide 90: General Equilibrium: Competitive Markets
	Slide 91: General Equilibrium: Competitive Markets
	Slide 92: General Equilibrium: Competitive Markets
	Slide 93: General Equilibrium: Competitive Markets
	Slide 94: General Equilibrium: Competitive Markets
	Slide 95: General Equilibrium: Competitive Markets
	Slide 96: General Equilibrium: Competitive Markets
	Slide 97: General Equilibrium: Competitive Markets
	Slide 98: General Equilibrium: Competitive Markets
	Slide 99: General Equilibrium: Competitive Markets
	Slide 100: General Equilibrium: Competitive Markets
	Slide 101: General Equilibrium: Competitive Markets
	Slide 102: General Equilibrium: Competitive Markets
	Slide 103: General Equilibrium: Competitive Markets
	Slide 104: General Equilibrium: Competitive Markets
	Slide 105: General Equilibrium: Competitive Markets
	Slide 106: General Equilibrium: Competitive Markets
	Slide 107: General Equilibrium: Competitive Markets
	Slide 108: General Equilibrium: Production
	Slide 109: General Equilibrium: Production
	Slide 110: General Equilibrium: Production
	Slide 111: General Equilibrium: Production
	Slide 112: General Equilibrium: Production
	Slide 113: General Equilibrium: Production
	Slide 114: General Equilibrium: Production
	Slide 115: General Equilibrium: Production
	Slide 116: General Equilibrium: Production
	Slide 117: General Equilibrium: Production
	Slide 118: General Equilibrium: Production
	Slide 119: General Equilibrium: Production
	Slide 120: General Equilibrium: Production
	Slide 121: General Equilibrium: Production
	Slide 122: General Equilibrium: Production
	Slide 123: General Equilibrium: Production
	Slide 124: General Equilibrium: Production
	Slide 125: General Equilibrium: Production
	Slide 126: General Equilibrium: Production
	Slide 127: General Equilibrium: Production
	Slide 128: General Equilibrium: Production
	Slide 129: General Equilibrium: Production
	Slide 130: General Equilibrium: Production
	Slide 131: General Equilibrium: Production
	Slide 132: General Equilibrium: Production
	Slide 133: General Equilibrium: Production
	Slide 134: General Equilibrium: Production
	Slide 135: General Equilibrium: Production
	Slide 136: General Equilibrium: Production
	Slide 137: General Equilibrium: Production
	Slide 138: General Equilibrium: Production
	Slide 139: General Equilibrium: Production
	Slide 140: General Equilibrium: Production
	Slide 141: General Equilibrium: Production
	Slide 142: General Equilibrium: Production
	Slide 143: General Equilibrium: Production
	Slide 144: General Equilibrium: Production
	Slide 145: General Equilibrium: Production
	Slide 146: General Equilibrium: Production
	Slide 147: General Equilibrium: Production
	Slide 148: General Equilibrium: Production
	Slide 149: General Equilibrium: Production
	Slide 150: General Equilibrium: Production
	Slide 151: General Equilibrium: Production
	Slide 152: General Equilibrium: Production
	Slide 153: General Equilibrium: Production
	Slide 154: General Equilibrium: Production
	Slide 155: General Equilibrium: Production
	Slide 156: General Equilibrium: Production
	Slide 157: General Equilibrium: Production
	Slide 158: General Equilibrium: Production
	Slide 159: General Equilibrium: Production
	Slide 160: General Equilibrium: Production
	Slide 161: General Equilibrium: Production
	Slide 162: General Equilibrium: Production
	Slide 163: General Equilibrium: Production
	Slide 164: General Equilibrium: Production
	Slide 165: General Equilibrium: Production
	Slide 166: General Equilibrium: Production
	Slide 167: General Equilibrium: Production
	Slide 168: General Equilibrium: Production
	Slide 169: General Equilibrium: Production
	Slide 170: General Equilibrium: Production
	Slide 171: General Equilibrium: Production
	Slide 172: General Equilibrium: Production
	Slide 173: General Equilibrium: Production
	Slide 174: General Equilibrium: Production
	Slide 175: General Equilibrium: Production
	Slide 176: General Equilibrium: Production
	Slide 177: General Equilibrium: Production
	Slide 178: General Equilibrium: Production
	Slide 179: General Equilibrium: Production
	Slide 180: General Equilibrium: Production
	Slide 181: General Equilibrium: Production
	Slide 182: General Equilibrium: Production
	Slide 183: General Equilibrium: Production
	Slide 184: General Equilibrium: Production
	Slide 185: General Equilibrium: Production
	Slide 186: General Equilibrium: Production
	Slide 187: General Equilibrium: Production
	Slide 188: Comparative Statics
	Slide 189: Comparative Statics
	Slide 190: Comparative Statics
	Slide 191: Comparative Statics
	Slide 192: Comparative Statics
	Slide 193: Comparative Statics: Price Change
	Slide 194: Comparative Statics: Price Change
	Slide 195: Comparative Statics: Price Change
	Slide 196: Comparative Statics: Price Change
	Slide 197: Comparative Statics: Price Change
	Slide 198: Comparative Statics: Price Change
	Slide 199: Comparative Statics: Price Change
	Slide 200: Comparative Statics: Price Change
	Slide 201: Comparative Statics: Price Change
	Slide 202: Comparative Statics: Price Change
	Slide 203: Comparative Statics: Price Change
	Slide 204: Comparative Statics: Endowment Change
	Slide 205: Comparative Statics: Endowment Change
	Slide 206: Comparative Statics: Endowment Change
	Slide 207: Comparative Statics: Endowment Change
	Slide 208: Comparative Statics: Endowment Change
	Slide 209: Comparative Statics: Endowment Change
	Slide 210: Comparative Statics: Endowment Change
	Slide 211: Comparative Statics: Endowment Change
	Slide 212: Comparative Statics: Endowment Change
	Slide 213: Comparative Statics: Endowment Change
	Slide 214: Comparative Statics: Endowment Change
	Slide 215: Comparative Statics: Endowment Change
	Slide 216: Comparative Statics: Endowment Change
	Slide 217: Comparative Statics: Endowment Change
	Slide 218: Comparative Statics: Endowment Change
	Slide 219: Comparative Statics: Endowment Change
	Slide 220: Comparative Statics: Endowment Change
	Slide 221: Comparative Statics: Endowment Change
	Slide 222: Comparative Statics: Endowment Change
	Slide 223: Introducing Taxes
	Slide 224: Introducing Taxes: Tax on Goods
	Slide 225: Introducing Taxes: Tax on Goods
	Slide 226: Introducing Taxes: Tax on Goods
	Slide 227: Introducing Taxes: Tax on Goods
	Slide 228: Introducing Taxes: Tax on Goods
	Slide 229: Introducing Taxes: Tax on Goods
	Slide 230: Introducing Taxes: Tax on Inputs
	Slide 231: Introducing Taxes: Tax on Inputs
	Slide 232: Introducing Taxes: Tax on Inputs
	Slide 233: Introducing Taxes: Tax on Inputs
	Slide 234: Introducing Taxes: Tax on Inputs
	Slide 235: Appendix:  Large Economies and the Core
	Slide 236: Large Economies and the Core
	Slide 237: Large Economies and the Core
	Slide 238: Large Economies and the Core
	Slide 239: Large Economies and the Core
	Slide 240: Large Economies and the Core
	Slide 241: Large Economies and the Core
	Slide 242: Large Economies and the Core
	Slide 243: Large Economies and the Core
	Slide 244: Large Economies and the Core
	Slide 245: Large Economies and the Core
	Slide 246: Large Economies and the Core
	Slide 247: Large Economies and the Core
	Slide 248: Large Economies and the Core
	Slide 249: Large Economies and the Core
	Slide 250: Large Economies and the Core
	Slide 251: Large Economies and the Core
	Slide 252: Large Economies and the Core
	Slide 253: Large Economies and the Core
	Slide 254: Large Economies and the Core
	Slide 255: Large Economies and the Core
	Slide 256: Large Economies and the Core
	Slide 257: Large Economies and the Core
	Slide 258: Large Economies and the Core
	Slide 259: Large Economies and the Core
	Slide 260: Large Economies and the Core
	Slide 261: Large Economies and the Core
	Slide 262: Large Economies and the Core
	Slide 263: Large Economies and the Core
	Slide 264: Large Economies and the Core
	Slide 265: Large Economies and the Core
	Slide 266: Large Economies and the Core
	Slide 267: Large Economies and the Core
	Slide 268: Large Economies and the Core
	Slide 269: Large Economies and the Core
	Slide 270: Large Economies and the Core
	Slide 271: Large Economies and the Core
	Slide 272: Large Economies and the Core
	Slide 273: Large Economies and the Core
	Slide 274: Large Economies and the Core
	Slide 275: Large Economies and the Core
	Slide 276: Large Economies and the Core
	Slide 277: Large Economies and the Core
	Slide 278: Large Economies and the Core
	Slide 279: Large Economies and the Core
	Slide 280: Large Economies and the Core


  i ∈ { 1 , 2 }


  i


   𝐞 i ≡ (  e 1 i ,  e 2 i )


  i


   𝐱 i ≡ (  x 1 i ,  x 2 i )


    I C i


  i


   𝐞 i


  (  𝐱 1 ,  𝐱 2 )


   u 1 (  x 1 1 ,  x 2 1 ) ≥  u 1 (  e 1 1 ,  e 2 1 )


   u 2 (  x 1 2 ,  x 2 2 ) ≥  u 2 (  e 1 2 ,  e 2 2 )


  A


   𝐞 1


  A


  A


    I C 1


  A


  B


  𝐞


  D


  B


  D


  𝐱 ≡ (  𝐱 1 ,  𝐱 2 , … ,  𝐱 I )


    ∑  i = 1 I   𝐱 i ≤   ∑  i = 1 I   𝐞 i


  𝐱


  𝐞 ≡   ∑  i = 1 I   𝐞 i


  𝐱


  𝐲


   𝐲 i  ≿ i  𝐱 i


  i ∈ { 1 , … , I }


   𝐲 i  ≻ i  𝐱 i


  i


  𝐱


  𝐲


  𝐱


     max   𝐱 1 , … ,  𝐱 I ≥ 𝟎 ⁡   u i (  𝐱 i )


  s . t .        u j (  𝐱 j ) ≥    u ¯ j     for   every     j ≠ i ,     and


    ∑  h = 1 I   𝐱 h ≤   ∑  h = 1 I   𝐞 h       ( feasibility )


   𝐱 i ≡ (  x 1 i ,  x 2 i )


  (  𝐱 1 , … ,  𝐱 I )


     u ¯ j


  j ≠ i


     u ¯ j


  i


  j


     u ¯ j


  ℒ =  u i (  𝐱 i ) +   ∑  j ≠ i   𝜆 j [  u j (  𝐱 j ) −    u ¯ j ]


  +   ∑  k = 1 2   𝜇 k [   ∑  h = 1 I   e k h −   ∑  h = 1 I   x k h ]


   𝜇 k


  k


   𝐱 i = (  x 1 i ,  x 2 i )


    𝜕 ℒ  𝜕  x k i =   𝜕  u i (  𝐱 i )  𝜕  x k i −  𝜇 k ≤ 0


  k


  i


  j ≠ i


    𝜕 ℒ  𝜕  x k j =    𝜆 j 𝜕  u j (  𝐱 j )  𝜕  x k j −  𝜇 k ≤ 0


   𝜆 j


   𝜇 k


   u j (  𝐱 j ) ≥    u ¯ j


    ∑  h = 1 I   x k h ≤   ∑  h = 1 I   e k h


  i


    𝜕  u i (  𝐱 i )  𝜕  x 1 i =  𝜇 1       and         𝜕  u i (  𝐱 i )  𝜕  x 2 i =  𝜇 2


      𝜕  u i (  𝐱 i )  𝜕  x 1 i    𝜕  u i (  𝐱 i )  𝜕  x 2 i =    𝜇 1   𝜇 2


  j ≠ i


     𝜆 j 𝜕  u j (  𝐱 j )  𝜕  x 1 j =  𝜇 1       and          𝜆 j 𝜕  u j (  𝐱 j )  𝜕  x 2 j =  𝜇 2


   𝜆 j


      𝜕  u j (  𝐱 j )  𝜕  x 1 j    𝜕  u j (  𝐱 j )  𝜕  x 2 j =    𝜇 1   𝜇 2


   𝜇 1


   𝜇 2


    M R S  1 , 2 i =    𝜇 1   𝜇 2 =   M R S  1 , 2 j


  j ≠ i


  A


  B


  A


  B


   𝐞 A = ( 100 , 350 )       and        𝐞 B = ( 100 , 50 )


   u i (  x 1 i ,  x 2 i ) =  x 1 i  x 2 i       for   every       i ∈ { A , B }


    M R S  1 , 2 A =   M R S  1 , 2 B


    M R S  1 , 2 A =   M R S  1 , 2 B ,       that   is ,          x 2 A   x 1 A =    x 2 B   x 1 B


   x 2 A  x 1 B =  x 2 B  x 1 A


   e 1 A +  e 1 B =  x 1 A +  x 1 B


   e 2 A +  e 2 B =  x 2 A +  x 2 B


   x 1 B =  e 1 A +  e 1 B −  x 1 A


   x 2 B =  e 2 A +  e 2 B −  x 2 A


   x 2 A (  e 1 A +  e 1 B −  x 1 A ) = (  e 2 A +  e 2 B −  x 2 A )  x 1 A


   x 2 A (  e 1 A +  e 1 B ) −  x 1 A  x 2 A =  x 1 A (  e 2 A +  e 2 B ) −  x 1 A  x 2 A


   x 1 A  x 2 A


   x 2 A =    e 2 A +  e 2 B   e 1 A +  e 1 B  x 1 A =   350 + 50  100 + 100  x 1 A = 2  x 1 A


   x 1 A ∈ [ 0 , 200 ]


   x 2 A = 2  x 1 A


  A


  B


  S ⊆ { 1 , … , I }


  S


  𝐱


    (  𝐲 i )  i ∈ S


  S


    ∑  i ∈ S   𝐲 i =   ∑  i ∈ S   𝐞 i


   𝐲 i  ≿ i  𝐱 i


  i ∈ S


   𝐲 i  ≻ i  𝐱 i


  i ∈ S


  𝐞


  C ( 𝐞 )


  C ( 𝐞 )


   ℝ + L


  𝐩 ≫ 𝟎


  i


  𝐩 ⋅  𝐱 i ≤ 𝐩 ⋅  𝐞 i


   𝐱 i ( 𝐩 , 𝐩 ⋅  𝐞 i )


  𝐩 ≫ 𝟎


   𝐱 i ( 𝐩 , 𝐩 ⋅  𝐞 i )


  𝐩


  i


   𝐞 i


  𝐩


  𝐩 ∙  𝐞 i =  p 1  e 1 i + … +  p L  e L i


   𝐱 i


   x k i ( 𝐩 , 𝐩 ⋅  𝐞 i )


  k


  k


  k


  k


   z k ( 𝐩 ) =   ∑  i = 1 I   x k i ( 𝐩 , 𝐩 ⋅  𝐞 i ) −   ∑  i = 1 I   e k i


   z k ( 𝐩 ) ∈ ℝ


   z k  ( 𝐩 ) > 0


  k


  k


   z k  ( 𝐩 ) < 0


  k


  k


  k


  𝐳 ( 𝐩 ) ≡ (  z 1 ( 𝐩 ) , … ,  z L ( 𝐩 ) )


  𝐩 ⋅ 𝐳 ( 𝐩 ) = 0


  𝐩 ≫ 𝟎


    ∑  k = 1 L   p k  x k i ( 𝐩 , 𝐩 ⋅  𝐞 i ) =   ∑  k = 1 L   p k  e k i


  i


    ∑  k = 1 L   p k [  x k i ( 𝐩 , 𝐩 ⋅  𝐞 i ) −  e k i ] = 0


    ∑  i = 1 I    ∑  k = 1 L   p k  [  x k i  ( 𝐩 , 𝐩 ∙  𝐞 i ) −  e k i ] = 0


    ∑  k = 1 L    ∑  i = 1 I   p k  [  x k i  ( 𝐩 , 𝐩 ∙  𝐞 i ) −  e k i ] = 0


    ∑  k = 1 L   p k      (   ∑  i = 1 I   [  x k i  ( 𝐩 , 𝐩 ∙  𝐞 i ) ] −   ∑  i = 1 I   e k i ) ⏟   z k  ( 𝐩 ) = 0


    ∑  k = 1 L   p k ∙  z k  ( 𝐩 ) = 𝐩 ∙ 𝐳  ( 𝐩 ) = 0


   p 1  z 1 ( 𝐩 ) = −  p 2  z 2 ( 𝐩 )


   z 1 ( 𝐩 ) > 0


   z 2 ( 𝐩 ) < 0


   z 1 ( 𝐩 ) = 0


   z 2 ( 𝐩 ) = 0


  L − 1


  L


   p L > 0


   p L  z L ( 𝐩 ) = 0


   z L ( 𝐩 ) = 0


  𝐳 ( 𝐩 )


  𝐩 ≫ 𝟎


  𝐳 ( 𝜆 𝐩 ) = 𝐳 ( 𝐩 )


  𝜆 > 0


  𝜆


   𝐩 ∗ ≫ 𝟎


  𝐳 (  𝐩 ∗ ) = 𝟎


   𝐩 ∗


   𝐩 ∗ ≫ 𝟎


    ∑  i = 1 I   𝐱 i (  𝐩 ∗ ,  𝐩 ∗ ⋅  𝐞 i ) =   ∑  i = 1 I   𝐞 i


  𝐱 (  𝐩 ∗ ) = (  𝐱 1 (  𝐩 ∗ ,  𝐩 ∗ ⋅  𝐞 1 ) , … ,  𝐱 I (  𝐩 ∗ ,  𝐩 ∗ ⋅  𝐞 I ) )


  W ( 𝐞 )


    ∑  i = 1 I   𝐞 i ≫ 𝟎


  𝐳 ( 𝐩 )


   𝐩 ∗ ≫ 𝟎


  𝐳 (  𝐩 ∗ ) = 𝟎


   z k ( 𝐩 )


   p j


  j ≠ k


  A


     max   x 1 A ,  x 2 A ⁡   x 1 A  x 2 A


   p 1  x 1 A +  p 2  x 2 A = 100  p 1 + 350  p 2


   𝐞 A


  ℒ =  x 1 A  x 2 A +  𝜆 A [ 100  p 1 + 350  p 2 −  p 1  x 1 A −  p 2  x 2 A ]


   x 2 A =  𝜆 A  p 1       and        x 1 A =  𝜆 A  p 2


    M R S  1 , 2 A =    x 2 A   x 1 A =    p 1   p 2


   p 1  x 1 A =  p 2  x 2 A


  A


   p 1  x 1 A +  p 1  x 1 A =  p 1 ∙ 100 +  p 2 ∙ 350


   x 1 A = 50 + 175    p 2   p 1


  A


   p 1  x 1 A =  p 2  x 2 A


   p 1  ( 50 + 175    p 2   p 1 ) =  p 2  x 2 A


   x 2 A = 175 + 50    p 1   p 2


  A


  B


   𝐞 B


     max   x 1 B ,  x 2 B ⁡   x 1 B  x 2 B


   p 1  x 1 B +  p 2  x 2 B = 100  p 1 + 50  p 2


  ℒ =  x 1 B  x 2 B +  𝜆 B [ 100  p 1 + 50  p 2 −  p 1  x 1 B −  p 2  x 2 B ]


   x 2 B =  𝜆 B  p 1       and        x 1 B =  𝜆 B  p 2


    M R S  1 , 2 B =    x 2 B   x 1 B =    p 1   p 2


   p 1  x 1 B =  p 2  x 2 B


   p 1  x 1 B =  p 2  x 2 B


  B


   p 1  x 1 B +  p 1  x 1 B = 100  p 1 + 50  p 2


   x 1 B = 50 + 25    p 2   p 1


  B


   p 1  x 1 B =  p 2  x 2 B


   p 1 ( 50 + 25    p 2   p 1 ) =  p 2  x 2 B


   x 2 B = 25 + 50    p 1   p 2


  B


   x 1 A +  x 1 B = 100 + 100


  ( 50 + 175    p 2   p 1 ) + ( 50 + 25    p 2   p 1 ) = 200 ,       so          p 2   p 1 =  1 2


  (  x 1  A ∗ ,  x 2  A ∗ ;  x 1  B ∗ ,  x 2  B ∗ ;    p 1   p 2 ) = ( 137 . 5 , 275 ; 62 . 5 , 125 ; 2 )


  100 + 200    p 2   p 1 = 200 ,       so          p 2   p 1 =  1 2       and          p 1   p 2 = 2


  A


   x 1 A = 50 + 175 (  1 2 ) = 137 . 5


   x 2 A = 175 + 50 ( 2 ) = 275


  B


   x 1 B = 50 + 25 (  1 2 ) = 62 . 5


   x 2 B = 25 + 50 ( 2 ) = 125


   x 2 A +  x 2 B = 275 + 125 = 400 = 350 + 50


   x 2 A = 2  x 1 A


  A


   𝐞 A


   u A =  x 1 A ( 2  x 1 A ) = 2   (  x 1 A ) 2 ≥ 100 ⋅ 350 = 35 , 000


   x 1 A ≥  17 , 500 ≈ 132 . 3 ,       so        x 2 A ≥ 264 . 6


  B


   x 2 B = 400 − 2  x 1 A = 2 ( 200 −  x 1 A ) = 2  x 1 B


  B


   𝐞 B


   u B =  x 1 B ( 2  x 1 B ) = 2   (  x 1 B ) 2 ≥ 100 ⋅ 50 = 5 , 000


   x 1 B ≥  2 , 500 = 50 ,       so        x 2 B ≥ 100


  A


  A


   x 1 A = 200 −  x 1 B ≤ 200 − 50 = 150


   x 2 A = 400 −  x 2 B ≤ 400 − 100 = 300


  132 . 3 ≤  x 1 A ≤ 150 ,       with        x 2 A = 2  x 1 A


  B


   x 1 A = 137 . 5


  A


  137 . 5 × 275 = 37 , 812 . 5


  100 × 350 = 35 , 000


   𝐞 A


   u A ( W E A ) = 37 , 812 . 5 > 35 , 000 =  u A (  𝐞 A )


  B


  62 . 5 × 125 = 7 , 812 . 5


  100 × 50 = 5 , 000


   𝐞 B


   u B ( W E A ) = 7 , 812 . 5 > 5 , 000 =  u B (  𝐞 B )


  W ( 𝐞 ) ⊆ C ( 𝐞 )


  𝐱 (  𝐩 ∗ )


   𝐩 ∗


  𝐱 (  𝐩 ∗ ) ∉ C ( 𝐞 )


  𝐱 (  𝐩 ∗ )


  𝐱 (  𝐩 ∗ ) ∉ C ( 𝐞 )


  S


    (  𝐲 i )  i ∈ S


   u i (  𝐲 i ) ≥  u i (  𝐱 i (  𝐩 ∗ ,  𝐩 ∗ ⋅  𝐞 i ) )       for   all       i ∈ S


  i ∈ S


   u i (  𝐲 i ) >  u i (  𝐱 i (  𝐩 ∗ ,  𝐩 ∗ ⋅  𝐞 i ) )


  𝐲


    ∑  i ∈ S   𝐲 i =   ∑  i ∈ S   𝐞 i


   𝐩 ∗


   𝐩 ∗ ⋅   ∑  i ∈ S   𝐲 i =  𝐩 ∗ ⋅   ∑  i ∈ S   𝐞 i


   𝐱 i (  𝐩 ∗ ,  𝐩 ∗ ⋅  𝐞 i )


   u i


  i


   𝐩 ∗ ⋅  𝐲 i >  𝐩 ∗ ⋅  𝐞 i       if        u i (  𝐲 i ) >  u i (  𝐱 i (  𝐩 ∗ ,  𝐩 ∗ ⋅  𝐞 i ) )


   u i (  𝐲 i ) ≥  u i (  𝐱 i (  𝐩 ∗ ,  𝐩 ∗ ⋅  𝐞 i ) )


   𝐩 ∗ ⋅  𝐲 i <  𝐩 ∗ ⋅  𝐞 i


   𝐱 i (  𝐩 ∗ ,  𝐩 ∗ ⋅  𝐞 i )


   𝐩 ∗ ⋅  𝐲 i ≥  𝐩 ∗ ⋅  𝐞 i       for   all       i ∈ S


  i ∈ S


  S


   𝐩 ∗ ∙   ∑  i ∈ S     𝐲 i >  𝐩 ∗ ∙   ∑  i ∈ S     𝐱 i  (  𝐩 ∗ ,  𝐩 ∗ ⋅  𝐞 i ) =  𝐩 ∗ ⋅   ∑  i ∈ S     𝐞 i


   𝐩 ∗ ∙   ∑  i ∈ S     𝐲 i =  𝐩 ∗ ⋅   ∑  i ∈ S     𝐞 i


  𝐱 (  𝐩 ∗ ) ∈ C  ( 𝐞 )


   𝐱 ¯ ≫ 𝟎


   𝐩 ∗ ≫ 𝟎


       p 1 ∗     p 2 ∗ =   M R S  1 , 2 i (    𝐱 ¯ i )


  i


   𝐞  ∗ i


    ∑  i = 1 I   𝐞  ∗ i =   ∑  i = 1 I   𝐞 i


   𝐩 ∗ ⋅  𝐞  ∗ i =  𝐩 ∗ ⋅    𝐱 ¯ i


  i


   𝐞  ∗ i =    𝐱 ¯ i


  (  𝐱 ¯ ,  𝐩 ∗ )


   𝐞 ∗


   u A =  x 1 A  x 2 A       and        u B = min {  x 1 B ,  x 2 B }


   𝐞 A = ( 3 , 1 )       and        𝐞 B = ( 1 , 3 )


   p 2 = 1


  B


  B


  A


   u A


   u B


   x 1 B =  x 2 B


   x 1 A +  x 1 B = 4


   x 2 A +  x 2 B = 4


   x 2 B


   x 1 B


   x 2 B = 4 −  x 1 A


   x 2 A +     ( 4 −  x 1 A ) ⏟   x 2 B = 4     ⟺      x 2 A =  x 1 A


  A


     max   x 1 A ,        x 2 A ⁡        x 1 A  x 2 A


  s . t .        p 1  x 1 A +  x 2 A ≤  p 1 ∙ 3 + 1


   x 2 A − 𝜆  p 1 = 0


   x 1 A − 𝜆 = 0


   p 1  x 1 A +  x 2 A = 3  p 1 + 1


  𝜆


  𝜆 =    x 2 A   p 1 =  x 1 A ,       so        x 2 A =  p 1  x 1 A


  A


   p 1  x 1 A +  p 1  x 1 A = 3  p 1 + 1


   m A = 3  p 1 + 1


  A


   x 1 A (  p 1 ) =    m A  2  p 1 =   3  p 1 + 1  2  p 1


   x 2 A (  p 1 ) =    m A 2 =   3  p 1 + 1 2


  B


  B


     max   x 1 B ,  x 2 B ⁡  min {  x 1 B ,  x 2 B }       s . t .        p 1  x 1 B +  x 2 B ≤  p 1 ⋅ 1 + 3


   x 1 B =  x 2 B


   x 1 B =  x 2 B =    p 1 + 3   p 1 + 1


    3  p 1 + 1  2  p 1 +    p 1 + 3   p 1 + 1 = 4


  3    p 1 2 − 2  p 1 − 1 = ( 3  p 1 + 1 ) (  p 1 − 1 ) = 0


   p 1 = 1


   p 1 = 1


   x 1 A =   3 + 1 2 = 2       and        x 2 A =   3 + 1 2 = 2


   x 1 B =  x 2 B =   1 + 3  1 + 1 = 2


   x 2 A +  x 2 B = 2 + 2 = 4 = 1 + 3


  (  x 1  A ∗ ,  x 2  A ∗ ;  x 1  B ∗ ,  x 2  B ∗ ;    p 1   p 2 ) = ( 2 , 2 ; 2 , 2 ; 1 )


     𝐱 ^ A = ( 1 , 1 )       and          𝐱 ^ B = ( 3 , 3 )


  B


  (  x 1 A ,  x 2 A ;  x 1 B ,  x 2 B ) = ( 2 , 2 ; 2 , 2 )


     𝐱 ^ A


  A


    M R S  1 , 2 A =    x 2 A   x 1 A =  1 1 = 1 ,       so          p 1   p 2 = 1


  B


     𝐱 ^ B


   x 1 B =  x 2 B


   p 1 =  p 2 = 1


   T A


   T B


   T A = −  T B


     𝐱 ^ A


     𝐱 ^ B


   p 1 =  p 2 = 1


  𝐩 ⋅  𝐞 A = 1 ( 3 ) + 1 ( 1 ) = 4       and       𝐩 ⋅  𝐞 B = 1 ( 1 ) + 1 ( 3 ) = 4


  A


     𝐱 ^ A


  4 +  T A = 𝐩 ⋅    𝐱 ^ A = 1 ( 1 ) + 1 ( 1 ) = 2 ,       so        T A = − 2


  B


  4 +  T B = 𝐩 ⋅    𝐱 ^ B = 1 ( 3 ) + 1 ( 3 ) = 6 ,       so        T B = 2


   T A = −  T B


  A


  B


     𝐱 ^ A


     𝐱 ^ B


  A


   m A = 4 +  T A = 2


   x k A =    m A  2  p k =  2  2 ( 1 ) = 1       for       k = 1 , 2


  B


   m B = 4 +  T B = 6


   x 1 B =  x 2 B =    m B   p 1 +  p 2 =  6  1 + 1 = 3


   x 1 A +  x 1 B = 1 + 3 = 4 = 3 + 1


   x 2 A +  x 2 B = 1 + 3 = 4 = 1 + 3


   T A = − 2


   T B = 2


  A


  A


   t 1


   t 2


  B


   t k


  B


  A


     𝐞 ^ A = ( 3 −  t 1 , 1 −  t 2 )


     𝐞 ^ B = ( 1 +  t 1 , 3 +  t 2 )


   t 1


   t 2


     𝐱 ^ A = ( 1 , 1 )       and          𝐱 ^ B = ( 3 , 3 )


  A


   p 1 =  p 2 = 1


  A


   m A =  p 1 ( 3 −  t 1 ) +  p 2 ( 1 −  t 2 ) = 4 −  t 1 −  t 2


     𝐱 ^ A = ( 1 , 1 )


   x k A =    m A  2  p k =   4 −  t 1 −  t 2 2 = 1


   t 1 +  t 2 = 2


  B


   m B = ( 1 +  t 1 ) + ( 3 +  t 2 ) = 4 +  t 1 +  t 2 = 6


   x 1 B =  x 2 B =    m B   p 1 +  p 2 =  6 2 = 3


   t 1 +  t 2 = 2


  A


   t 1 ≤ 3       and        t 2 ≤ 1


  (  t 1 ,  t 2 ) = ( 2 , 0 ) :          𝐞 ^ A = ( 1 , 1 )


  (  t 1 ,  t 2 ) = ( 1 , 1 ) :          𝐞 ^ A = ( 2 , 0 )


  (  t 1 ,  t 2 ) = ( 3 , − 1 ) :          𝐞 ^ A = ( 0 , 2 )


  A


  J


   Y j


  𝟎 ∈  Y j


   Y j


   Y j


  𝐩


   Y j


   Y j


   Y j


  j


  j


  𝐩 ≫ 𝟎


     max   𝐲 j ∈  Y j ⁡  𝐩 ⋅  𝐲 j


   𝐲 j ( 𝐩 )


   Y j


   Y j


   𝐲 j ( 𝐩 )


   𝜋 j ( 𝐩 ) ≡ 𝐩 ⋅  𝐲 j ( 𝐩 )


  𝐩


   𝐲 j ( 𝐩 )


  Y = { 𝐲 : 𝐲 =   ∑  j = 1 J   𝐲 j ,     where      𝐲 j ∈  Y j     for   every     j }


  𝐲 ( 𝐩 ) =   ∑  j = 1 J   𝐲 j ( 𝐩 )


  𝐲 ( 𝐩 )


  𝐩 ⋅ 𝐲


  Y


  J


   𝜋 j ( 𝐩 )


  i


   𝜃  i j


  j


  0 ≤  𝜃  i j ≤ 1     and       ∑  i = 1 I   𝜃  i j = 1


   𝜃  i j = 1


  i


  j


   𝜃  i j =  1 I


  j


  i


  𝐩 ⋅  𝐱 i ≤ 𝐩 ⋅  𝐞 i +   ∑  j = 1 J   𝜃  i j  𝜋 j ( 𝐩 )


    ∑  j = 1 J   𝜃  i j  𝜋 j ( 𝐩 )


   m i ( 𝐩 ) ≡ 𝐩 ⋅  𝐞 i +   ∑  j = 1 J   𝜃  i j  𝜋 j ( 𝐩 )


  𝐩 ⋅  𝐱 i ≤  m i ( 𝐩 )


   m i ( 𝐩 ) > 0


   𝜋 j ( 𝐩 ) ≥ 0


  𝐩 ⋅  𝐞 i > 0


  k


   z k  ( 𝐩 ) ≡   ∑  i = 1 I   x k i ( 𝐩 ,  m i  ( 𝐩 ) ) −   ∑  i = 1 I   e k i −   ∑  j = 1 J   y k j ( 𝐩 )


    ∑  j = 1 J   y k j  ( 𝐩 )


  𝐳 ( 𝐩 ) = (  z 1 ( 𝐩 ) ,  z 2 ( 𝐩 ) , … ,  z L ( 𝐩 ) )


   𝐩 ∗ ≫ 𝟎


  ( 𝐱 (  𝐩 ∗ ) , 𝐲 (  𝐩 ∗ ) )


   𝐱 i (  𝐩 ∗ ,  m i (  𝐩 ∗ ) )


  i


   𝐲 j (  𝐩 ∗ )


  j


    ∑  i = 1 I   𝐱 i (  𝐩 ∗ ,  m i (  𝐩 ∗ ) ) =   ∑  i = 1 I   𝐞 i +   ∑  j = 1 J   𝐲 j (  𝐩 ∗ )


  𝐳 (  𝐩 ∗ ) = 𝟎


  k


  k


   F k (  K k ,  L k )


  r


  w


   F  k K =   𝜕  F k  𝜕  K k


  L


  i


  h


    M R S  1 , 2 i =   M R S  1 , 2 h =    p 1   p 2


   p 1  F  1 K = r       and        p 1  F  1 L = w


   p 2  F  2 K = r       and        p 2  F  2 L = w


    M R T S  L , K 1 ≡    F  1 L   F  1 K =  w r


    M R T S  L , K 2 ≡    F  2 L   F  2 K =  w r


    M R T S  L , K 1 =   M R T S  L , K 2


  d K


    d y 1 =  F  1 K d K       and         d y 2 = −  F  2 K d K


    M R T  1 , 2 K = −     d y 2    d y 1 =    F  2 K   F  1 K


   p 1  F  1 K = r


   p 2  F  2 K = r


     p 1  F  1 K   p 2  F  2 K =  r r = 1 ,       so          p 1   p 2 =    F  2 K   F  1 K =   M R T  1 , 2 K


   p 1  F  1 L = w


   p 2  F  2 L = w


     p 1   p 2 =    F  2 L   F  1 L =   M R T  1 , 2 L


    M R S  1 , 2 i =    p 1   p 2


  i


     p 1   p 2 =   M R T  1 , 2 m


  m ∈ { K , L }


    M R S  1 , 2 i =   M R T  1 , 2 m =    p 1   p 2


    M R S  1 , 2 i =   M R T  1 , 2 m =    p 1   p 2


    M R S  1 , 2 i =     M U 1 i    M U 2 i


   x 1


   u i


    M R T  1 , 2 m =    F  2 m   F  1 m


   x 1


   x 1


  m


    M R S  1 , 2 i


    M R T  1 , 2 m


   x 1


   x 1 ∗


     p 1   p 2


    ∑  i = 1 I   𝐞 i ≫ 𝟎


   𝐩 ∗ ≫ 𝟎


  𝐳 (  𝐩 ∗ ) = 𝟎


  i ∈ { A , B }


   u i =  x 1 i  x 2 i


  K


  L


   y 1 =  K 1  0 . 75  L 1  0 . 25


   y 2 =  K 2  0 . 25  L 2  0 . 75


  A


  (  K A ,  L A ) = ( 1 , 1 )


  B


  (  K B ,  L B ) = ( 2 , 1 )


  i


     max   x 1 i ,  x 2 i ⁡   x 1 i  x 2 i


   p 1  x 1 i +  p 2  x 2 i = r  K i + w  L i


  r


  w


  i


   K i   and    L i


  r  K i


  w  L i


  r  K i + w  L i


     p 1   p 2 =   M R S  1 , 2 i =    x 2 i   x 1 i ,       so        p 1  x 1 i =  p 2  x 2 i


  i ∈ { A , B }


  A


  B


   p 1 (  x 1 A +  x 1 B ) =  p 2 (  x 2 A +  x 2 B )


   x 1 A +  x 1 B


   x 1 A +  x 1 B =  y 1 =  K 1  0 . 75  L 1  0 . 25


     p 1   p 2 =    K 2  0 . 25  L 2  0 . 75   K 1  0 . 75  L 1  0 . 25


     max   K 1 ,  L 1 ⁡   p 1  K 1  0 . 75  L 1  0 . 25 − r  K 1 − w  L 1


  r = 0 . 75  p 1  K 1  − 0 . 25  L 1  0 . 25


  w = 0 . 25  p 1  K 1  0 . 75  L 1  − 0 . 75


    M R T S  L , K 1 =  w r ,       so        w r =  1 3    K 1   L 1


  r = 0 . 25  p 2  K 2  − 0 . 75  L 2  0 . 75


  w = 0 . 75  p 2  K 2  0 . 25  L 2  − 0 . 25


    M R T S  L , K 2 =  w r ,       so        w r = 3    K 2   L 2


    M R T S  L , K


   1 3    K 1   L 1 = 3    K 2   L 2 ,       so          K 1   L 1 = 9    K 2   L 2


  r


  0 . 75  p 1  K 1  − 0 . 25  L 1  0 . 25 = 0 . 25  p 2  K 2  − 0 . 75  L 2  0 . 75


     p 1   p 2 =  1 3    (    K 1   L 1 )  0 . 25    (    K 2   L 2 )  − 0 . 75


  w


  0 . 25  p 1  K 1  0 . 75  L 1  − 0 . 75 = 0 . 75  p 2  K 2  0 . 25  L 2  − 0 . 25


     p 1   p 2 = 3    (    K 1   L 1 )  − 0 . 75    (    K 2   L 2 )  0 . 25


     K 2  0 . 25  L 2  0 . 75   K 1  0 . 75  L 1  0 . 25 =  1 3    (    K 1   L 1 )  0 . 25    (    K 2   L 2 )  − 0 . 75


   L 1  − 0 . 25


   L 2  0 . 75


   1 3  K 1  0 . 25  K 2  − 0 . 75 =  K 2  0 . 25  K 1  − 0 . 75


  3  K 1  0 . 75  K 2  0 . 75


   K 1 = 3  K 2 ,       that   is ,        K 2 =    K 1 3


   K 1 +  K 2 =  K A +  K B = 3


   K 2 = 3 −  K 1


   K 1 = 3  K 2


   K 1 = 3  ( 3 −  K 1 )   ⟹    K 1 ∗ =  9 4


   K 2 ∗ =  1 3  K 1 ∗ =  3 4


     K 2  0 . 25  L 2  0 . 75   K 1  0 . 75  L 1  0 . 25 = 3    (    K 1   L 1 )  − 0 . 75    (    K 2   L 2 )  0 . 25 ⟹  L 1 =  1 3  L 2


   L 1 +  L 2 =  L A +  L B = 2


   L 2 = 2 −  L 1


   L 1 =  1 3  L 2


   L 1 =  1 3  ( 2 −  L 1 )   ⟹    L 1 ∗ =  1 2


   L 2 ∗ = 3  L 1 ∗ =  3 2


     p 1   p 2 =      (  3 4 )  0 . 25    (  3 2 )  0 . 75     (  9 4 )  0 . 75    (  1 2 )  0 . 25 =   2 3 ≈ 0 . 82


   p 2 = 1


   p 1 = 0 . 82


  r


  w


   r ∗ = 0 . 75   2 3    (  9 4 )  − 0 . 25    (  1 2 )  0 . 25 =    2  3 / 4 4 ≈ 0 . 42


   w ∗ = 0 . 25   2 3    (  9 4 )  0 . 75    (  1 2 )  − 0 . 75 =   3 ⋅  2  3 / 4 8 ≈ 0 . 63


     w ∗   r ∗ =  3 2


  A


   p 1  x 1 A =  p 2  x 2 A


  A


  2  p 1  x 1 A = r  K A + w  L A


  A


   x 1  A ∗ =   r  K A + w  L A  2  p 1 =   0 . 42 + 0 . 63  2 ( 0 . 82 ) = 0 . 64


   x 2  A ∗ =   r  K A + w  L A  2  p 2 =   0 . 42 + 0 . 63 2 = 0 . 53


  B


   x 1  B ∗ =   r  K B + w  L B  2  p 1 =   2 ( 0 . 42 ) + 0 . 63  2 ( 0 . 82 ) = 0 . 90


   x 2  B ∗ =   r  K B + w  L B  2  p 2 =   2 ( 0 . 42 ) + 0 . 63 2 = 0 . 74


  (  x 1  A ∗ ,  x 2  A ∗ ;  x 1  B ∗ ,  x 2  B ∗ ) = ( 0 . 64 , 0 . 53 ; 0 . 90 , 0 . 74 )


  (  K 1 ∗ ,  L 1 ∗ ;  K 2 ∗ ,  L 2 ∗ ) =  (  9 4 ,  1 2 ;  3 4 ,  3 2 )


     p 1   p 2 = 0 . 82       and       (  r ∗ ,  w ∗ ) = ( 0 . 42 , 0 . 63 )


  ( 𝐱 , 𝐲 )


  (  𝐱 ^ ,  𝐲 ^ )


   u i (    𝐱 ^ i ) ≥  u i (  𝐱 i )       for   every       i = 1 , … , I


   u i (    𝐱 ^ i ) >  u i (  𝐱 i )


  i


  h


     u ¯ h


     max   x 1 i ,  x 2 i ,  x 1 h ,  x 2 h ,  L 1 ,  K 1 ,  L 2 ,  K 2 ≥ 0 ⁡   u i (  x 1 i ,  x 2 i )


  s . t .        u h (  x 1 h ,  x 2 h ) ≥    u ¯ h


   x 1 i +  x 1 h ≤  F 1 (  L 1 ,  K 1 ) ,        x 2 i +  x 2 h ≤  F 2 (  L 2 ,  K 2 )


   L 1 +  L 2 ≤  L ¯ ,        K 1 +  K 2 ≤  K ¯


  ℒ =  u i (  x 1 i ,  x 2 i ) + 𝜆 [  u h (  x 1 h ,  x 2 h ) −    u ¯ h ]


  +  𝜇 1 [  F 1 (  L 1 ,  K 1 ) −  x 1 i −  x 1 h ] +  𝜇 2 [  F 2 (  L 2 ,  K 2 ) −  x 2 i −  x 2 h ]


  +  𝛿 L [  L ¯ −  L 1 −  L 2 ] +  𝛿 K [  K ¯ −  K 1 −  K 2 ]


   x k i


   x k h


    𝜕  u i  𝜕  x k i =  𝜇 k       and       𝜆   𝜕  u h  𝜕  x k h =  𝜇 k


    M R S  1 , 2 i =   M R S  1 , 2 h =    𝜇 1   𝜇 2


   L j


   K j


  j ∈ { 1 , 2 }


   𝜇 1   𝜕  F 1  𝜕 L =  𝛿 L =  𝜇 2   𝜕  F 2  𝜕 L


   𝜇 1   𝜕  F 1  𝜕 K =  𝛿 K =  𝜇 2   𝜕  F 2  𝜕 K


      𝜕  F 1  𝜕 L    𝜕  F 1  𝜕 K =    𝛿 L   𝛿 K =     𝜕  F 2  𝜕 L    𝜕  F 2  𝜕 K


    M R T S  L , K


    M R T S  L , K


      𝜕  u i  𝜕  x 1 i    𝜕  u i  𝜕  x 2 i =    𝜇 1   𝜇 2 =     𝜕  F 2  𝜕 L    𝜕  F 1  𝜕 L


    M R S  1 , 2 i


    M R T  1 , 2


    𝜕  F 1  𝜕 L


    𝜕  F 2  𝜕 L


    M R T  1 , 2


    M R T  1 , 2 =     𝜕  F 2  𝜕 L    𝜕  F 1  𝜕 L


  ( 𝐱 , 𝐲 )


   𝐩 ∗


  ( 𝐱 , 𝐲 )


    ∑  i = 1 I   𝐱 i =   ∑  i = 1 I   𝐞 i +   ∑  j = 1 J   𝐲 j


  ( 𝐱 , 𝐲 )


  (  𝐱 ^ ,  𝐲 ^ )


   u i (    𝐱 ^ i ) ≥  u i (  𝐱 i )       for   every       i = 1 , … , I


   u i (    𝐱 ^ i ) >  u i (  𝐱 i )


  (  𝐱 ^ ,  𝐲 ^ )


     𝐱 ^ i


   𝐱 i


   𝐩 ∗ ⋅    𝐱 ^ i ≥  𝐩 ∗ ⋅  𝐱 i


  i


   u i (    𝐱 ^ i ) >  u i (  𝐱 i )


   𝐩 ∗ ⋅    𝐱 ^ i >  𝐩 ∗ ⋅  𝐱 i


  i


     𝐱 ^ i


   u i (    𝐱 ^ i ) ≥  u i (  𝐱 i )


   𝐩 ∗ ⋅    𝐱 ^ i <  𝐩 ∗ ⋅  𝐱 i


   𝐱 i


   𝐩 ∗ ⋅   ∑  i = 1 I     𝐱 ^ i >  𝐩 ∗ ⋅   ∑  i = 1 I   𝐱 i


  (  𝐱 ^ ,  𝐲 ^ )


    ∑  i = 1 I     𝐱 ^ i ≤   ∑  i = 1 I   𝐞 i +   ∑  j = 1 J     𝐲 ^ j


   𝐩 ∗ ≫ 𝟎


   𝐩 ∗ ⋅  (   ∑  i = 1 I   𝐞 i +   ∑  j = 1 J     𝐲 ^ j ) ≥  𝐩 ∗ ⋅   ∑  i = 1 I     𝐱 ^ i


  >  𝐩 ∗ ⋅   ∑  i = 1 I   𝐱 i =  𝐩 ∗ ⋅  (   ∑  i = 1 I   𝐞 i +   ∑  j = 1 J   𝐲 j )


   𝐩 ∗ ⋅   ∑  j = 1 J     𝐲 ^ j >  𝐩 ∗ ⋅   ∑  j = 1 J   𝐲 j


   𝐩 ∗ ⋅    𝐲 ^ j >  𝐩 ∗ ⋅  𝐲 j


  j


   𝐲 j


  ( 𝐱 , 𝐲 )


    M R S  1 , 2 A =   M R S  1 , 2 B


    M R T S  L , K 1 =   M R T S  L , K 2


    M R S  1 , 2 i =   M R T  1 , 2


  A


    M R S  1 , 2 A =    x 2 A   x 1 A =    p 1   p 2 = 0 . 82


  B


    M R S  1 , 2 B =    x 2 B   x 1 B =    p 1   p 2 = 0 . 82


    M R S  1 , 2 A =   M R S  1 , 2 B


     K 1   L 1 =  9 2


     K 2   L 2 =  1 2


    M R T S  L , K 1 =  1 3    K 1   L 1 =  1 3 ⋅  9 2 =  3 2


    M R T S  L , K 2 = 3    K 2   L 2 = 3 ⋅  1 2 =  3 2


    M R T S  L , K 1 =   M R T S  L , K 2


    M R T  1 , 2 =     𝜕  F 2  𝜕 L    𝜕  F 1  𝜕 L =   0 . 75    (    K 2   L 2 )  0 . 25  0 . 25    (    K 1   L 1 )  0 . 75


  =   0 . 75    (  1 2 )  0 . 25  0 . 25    (  9 2 )  0 . 75 ≈ 0 . 82


    M R S  1 , 2 A =   M R S  1 , 2 B = 0 . 82


    M R T S  L , K 1 =   M R T S  L , K 2 =  3 2


    M R S  1 , 2 i =   M R T  1 , 2 = 0 . 82


  (  𝐱 ¯ ,  𝐲 ¯ )


  (  T 1 ,  T 2 , … ,  T I )


    ∑  i = 1 I   T i = 0


   𝐩 ¯


     𝐱 ¯ i


     max   𝐱 i ⁡   u i (  𝐱 i )


  s . t .        𝐩 ¯ ⋅  𝐱 i ≤  m i (  𝐩 ¯ ) +  T i       for   every       i = 1 , … , I


  i


   m i (  𝐩 ¯ )


   T i


     𝐲 ¯ j


     max   𝐲 j ⁡   𝐩 ¯ ⋅  𝐲 j


  s . t .        𝐲 j ∈  Y j       for   every       j = 1 , … , J


   y 1


   y 2


  (    x ¯ 1 A ,    x ¯ 2 A ;    x ¯ 1 B ,    x ¯ 2 B ) = ( 0 . 75 , 0 . 61 ; 0 . 79 , 0 . 65 )


  0 . 75 + 0 . 79 = 1 . 54 =  y 1


  0 . 61 + 0 . 65 = 1 . 26 =  y 2


  (  p 1 ,  p 2 ; r , w ) = ( 0 . 82 , 1 ; 0 . 42 , 0 . 63 )


  A


   p 1    x ¯ 1 A +  p 2    x ¯ 2 A = r  K A + w  L A +  T A


  (  K A ,  L A ) = ( 1 , 1 )


  0 . 42 ( 1 ) + 0 . 63 ( 1 ) +  T A = 1 . 05 +  T A


  A


  (    x ¯ 1 A ,    x ¯ 2 A ) = ( 0 . 75 , 0 . 61 )


  0 . 82 ( 0 . 75 ) + 1 ( 0 . 61 ) ≈ 1 . 22 = 1 . 05 +  T A


   T A ≈ 0 . 17


   p 1    x ¯ 1 A = 0 . 82 ( 0 . 75 ) ≈ 0 . 61 =  p 2    x ¯ 2 A


  B


  0 . 42 ( 2 ) + 0 . 63 ( 1 ) +  T B = 1 . 47 +  T B


  (    x ¯ 1 B ,    x ¯ 2 B ) = ( 0 . 79 , 0 . 65 )


  0 . 82 ( 0 . 79 ) + 1 ( 0 . 65 ) ≈ 1 . 30 = 1 . 47 +  T B


   T B ≈ − 0 . 17


  B


   p 1    x ¯ 1 B = 0 . 82 ( 0 . 79 ) ≈ 0 . 65 =  p 2    x ¯ 2 B


   T A +  T B = 0


  B


  A


   w 1 = r


   w 2 = w


  (  w 1 ∗ ,  w 2 ∗ )


   c 1 (  w 1 ,  w 2 ) =  p 1       and        c 2 (  w 1 ,  w 2 ) =  p 2


   c j (  w 1 ,  w 2 )


  j


   z  1 j ( w )


  j


   z  2 j ( w )


  q = 1


  z ( w , q ) = q ⋅ z ( w , 1 )


     z 11 ( w )   z 21 ( w ) >    z 12 ( w )   z 22 ( w )


     z  1 j ( w )   z  2 j ( w )


  j


   p j


  j


   p j


  j


   c 1  (  w 1 ,  w 2 ) =  p 1


   c 2  (  w 1 ,  w 2 ) =  p 2


    𝜕  c 1  (  w 1 ,  w 2 )  𝜕  w 1 d  w 1 +   𝜕  c 1  (  w 1 ,  w 2 )  𝜕  w 2 d  w 2 = d  p 1


    𝜕  c 2  (  w 1 ,  w 2 )  𝜕  w 1 d  w 1 +   𝜕  c 2  (  w 1 ,  w 2 )  𝜕  w 2 d  w 2 = d  p 2  


   z 11  ( w ) d  w 1 +  z 21  ( w ) d  w 2 = d  p 1


   z 12  ( w ) d  w 1 +  z 22  ( w ) d  w 2 = d  p 2  


   p 1


    d p 2 = 0


   z 12 ( w )   d w 1 +  z 22 ( w )   d w 2 = 0 ,       so         d w 2 = −    z 12   z 22   d w 1


    d w 2 = −    z 12   z 22   d w 1


   [  z 11 −    z 21  z 12   z 22 ]   d w 1 =   d p 1


   z 22


      d w 1    d p 1 =    z 22   z 11  z 22 −  z 12  z 21


    d w 2 = −    z 12   z 22   d w 1


      d w 2    d p 1 = −    z 12   z 11  z 22 −  z 12  z 21


     z 11 ( w )   z 21 ( w ) >    z 12 ( w )   z 22 ( w )


   z 11  z 22 −  z 12  z 21 > 0


      d w 1    d p 1


      d w 2    d p 1


   z 22 > 0   and    z 12 > 0


      d w 1    d p 1 > 0       and           d w 2    d p 1 < 0


   w 1 = r


   w 2 = w


    M R T S  L , K 1 =  1 3    K 1   L 1 =  w r ,       so        L 1 =   r  K 1  3 w


   y 1 =  K 1  0 . 75  L 1  0 . 25


   y 1 =  K 1  0 . 75    (   r  K 1  3 w )  0 . 25 =  K 1    (  r  3 w )  0 . 25


   y 1 = 1


   L 1 =   r  K 1  3 w


   z 11 =  z  K 1 =    (  r  3 w )  − 1 / 4       and        z 21 =  z  L 1 =    (  r  3 w )  3 / 4


    M R T S  L , K 2 = 3    K 2   L 2 =  w r ,       so        K 2 =   w  L 2  3 r


   y 2 =  K 2  0 . 25  L 2  0 . 75


   y 2 =    (   w  L 2  3 r )  0 . 25  L 2  0 . 75 =  L 2    (  w  3 r )  0 . 25


   y 2 = 1


   K 2 =   w  L 2  3 r


   z 12 =  z  K 2 =    (  w  3 r )  3 / 4       and        z 22 =  z  L 2 =    (  w  3 r )  − 1 / 4


   z 11  z 22 −  z 12  z 21 =    (  r  3 w )  − 1 / 4    (  w  3 r )  − 1 / 4 −    (  w  3 r )  3 / 4    (  r  3 w )  3 / 4


  =    (  1 9 )  − 1 / 4 −    (  1 9 )  3 / 4 =  3 −  1  3  3 =  8  3  3 ≈ 1 . 54 > 0


  ( r , w )


   w 1 = r


   w 2 = w


  ( r , w ) = ( 0 . 42 , 0 . 63 )


   w  3 r =  1 2


   z 22 =  2  1 / 4 ≈ 1 . 19       and        z 12 =  2  − 3 / 4 ≈ 0 . 59


    d r    d p 1 =    z 22   z 11  z 22 −  z 12  z 21 =    2  1 / 4 ⋅ 3  3 8 ≈ 0 . 77 > 0


    d w    d p 1 = −    z 12   z 11  z 22 −  z 12  z 21 = −    2  − 3 / 4 ⋅ 3  3 8 ≈ − 0 . 39 < 0


  (  p 1 ,  p 2 )


   z  L j ( w )


  j


   z  K j ( w )


  j


  z


  L =  z  L 1 ( w ) ⋅  y 1 +  z  L 2 ( w ) ⋅  y 2


  K =  z  K 1 ( w ) ⋅  y 1 +  z  K 2 ( w ) ⋅  y 2


  z


  d L =  z  L 1   d y 1 +  z  L 2   d y 2


  L


  j


   y j


    d L L =  (    z  L 1  y 1 L )  (     d y 1   y 1 ) +  (    z  L 2  y 2 L )  (     d y 2   y 2 )


     z  L j ( w )  y j L ≡  𝛾  L j


  j


      d y j   y j ≡ % 𝛥  y j


  j


    d L L ≡ % 𝛥 L


  % 𝛥 L =  𝛾  L 1 ⋅ % 𝛥  y 1 +  𝛾  L 2 ⋅ % 𝛥  y 2


  % 𝛥 K =  𝛾  K 1 ⋅ % 𝛥  y 1 +  𝛾  K 2 ⋅ % 𝛥  y 2


   𝛾  L 1 ,  𝛾  L 2 ∈ ( 0 , 1 )


   𝛾  L 1 +  𝛾  L 2 = 1


  % 𝛥 L


  % 𝛥  y 1


  % 𝛥  y 2


  % 𝛥 K


   𝛾  K 1 ,  𝛾  K 2 ∈ ( 0 , 1 )


   𝛾  K 1 +  𝛾  K 2 = 1


     K 1   L 1 >    K 2   L 2


   K 2 = K −  K 1


   L 2 = L −  L 1


   K 1 L >  L 1 K


   𝛾  K 1 =    K 1 K >    L 1 L =  𝛾  L 1


   𝛾  K j =    z  K j ( w )  y j K =    K j K


   𝛾  K 2 <  𝛾  L 2


  % 𝛥 L


  % 𝛥 K


   𝛾  K 2 −  𝛾  L 2 = − (  𝛾  K 1 −  𝛾  L 1 )


  % 𝛥 K − % 𝛥 L = (  𝛾  K 1 −  𝛾  L 1 ) ( % 𝛥  y 1 − % 𝛥  y 2 )


  % 𝛥 K > % 𝛥 L


  % 𝛥  y 1 > % 𝛥  y 2


  % 𝛥 L = 0


  0 =  𝛾  L 1 ⋅ % 𝛥  y 1 +  𝛾  L 2 ⋅ % 𝛥  y 2


  % 𝛥  y 1


  % 𝛥  y 2


  % 𝛥  y 1 > 0 > % 𝛥  y 2


  % 𝛥 K


  % 𝛥  y 1


  % 𝛥  y 2


  % 𝛥  y 1 > % 𝛥 K > 0 > % 𝛥  y 2


  % 𝛥 L =  𝛾  L 1 ⋅ % 𝛥  y 1 +  𝛾  L 2 ⋅ % 𝛥  y 2


  % 𝛥 K =  𝛾  K 1 ⋅ % 𝛥  y 1 +  𝛾  K 2 ⋅ % 𝛥  y 2


   𝛾  K 1 >  𝛾  L 1       and        𝛾  K 2 <  𝛾  L 2


  % 𝛥  y 1


   K ¯ = 3


   L ¯ = 2


   K ¯ = 5


   L ¯ = 2


   p 1 = 0 . 82


   p 2 = 1


  ( r , w ) = ( 0 . 42 , 0 . 63 )


   r w =  2 3


   r  3 w =  2 9


   w  3 r =  1 2


   z  K 1 =    (  2 9 )  − 1 / 4 ≈ 1 . 46 ,        z  L 1 =    (  2 9 )  3 / 4 ≈ 0 . 32


   z  K 2 =    (  1 2 )  3 / 4 ≈ 0 . 59 ,        z  L 2 =    (  1 2 )  − 1 / 4 ≈ 1 . 19


   K ¯ = 5


   L ¯ = 2


  5 = 1 . 46  y 1 + 0 . 59  y 2


  2 = 0 . 32  y 1 + 1 . 19  y 2


     K 1   L 1 =    z  K 1   z  L 1 =  9 2       and          K 2   L 2 =    z  K 2   z  L 2 =  1 2


  (  K 1 ,  L 1 ;  K 2 ,  L 2 ) =  (  9 2 , 1 ;  1 2 , 1 )


   y 1 =    (  9 2 )  3 / 4 ≈ 3 . 09       and        y 2 =    (  1 2 )  1 / 4 ≈ 0 . 84


   y 1 ≈ 1 . 54   and    y 2 ≈ 1 . 26


     K 1   L 1 =  9 2 >  1 2 =    K 2   L 2


   K ¯ = 5


     p 1   p 2 ≈ 0 . 63


   y 1 ≈ 2 . 27   and    y 2 ≈ 1 . 43


  z


   𝛾  K j =    K j   K ¯     and      𝛾  L j =    L j   L ¯


   𝛾  K 1 =   2 . 25 3 = 0 . 75       and        𝛾  K 2 =   0 . 75 3 = 0 . 25


   𝛾  L 1 =   0 . 5 2 = 0 . 25       and        𝛾  L 2 =   1 . 5 2 = 0 . 75


  0 = 0 . 25 ⋅ % 𝛥  y 1 + 0 . 75 ⋅ % 𝛥  y 2


   2 3 = 0 . 75 ⋅ % 𝛥  y 1 + 0 . 25 ⋅ % 𝛥  y 2


  % 𝛥 K =   5 − 3 3 =  2 3


  % 𝛥  y 1 = 1 = 100 %       and       % 𝛥  y 2 = −  1 3 ≈ − 33 . 3 %


  % 𝛥  y 1 = 100 % > % 𝛥 K ≈ 67 % > 0 > % 𝛥  y 2 ≈ − 33 . 3 %


   t k


  k


   p k C = ( 1 +  t k )  p k P


   p k P


   t 1 =  t 2


     p 1 C   p 2 C =   ( 1 +  t 1 )  p 1 P  ( 1 +  t 2 )  p 2 P =    p 1 P   p 2 P


   t 1 > 0


   t 2 = 0


    M R T S  L , K


     w L   w K


      𝜕  F 1  𝜕 L    𝜕  F 1  𝜕 K =    w L   w K =     𝜕  F 2  𝜕 L    𝜕  F 2  𝜕 K


    M R T  1 , 2


    M R T  1 , 2 =     𝜕  F 2  𝜕 L    𝜕  F 1  𝜕 L =    p 1 P   p 2 =     𝜕  F 2  𝜕 K    𝜕  F 1  𝜕 K


   p 1 P


   t 2 = 0


   p 2 =  p 2 C =  p 2 P


    M R S  1 , 2


     p 1 C   p 2 =   ( 1 +  t 1 )  p 1 P   p 2


     p 1 P   p 2


    M R S  1 , 2 =    p 1 C   p 2 =   ( 1 +  t 1 )  p 1 P   p 2 >    p 1 P   p 2 =   M R T  1 , 2


   w m P = ( 1 +  t m )  w m C


  m ∈ { L , K }


   w m C


   t L =  t K = t


     w L P   w K P =   ( 1 + t )  w L C  ( 1 + t )  w K C =    w L C   w K C


   t L ≠  t K


     w L C   w K C =     𝜕  F 1  𝜕 L    𝜕  F 1  𝜕 K


     w L P   w K P =     𝜕  F 2  𝜕 L    𝜕  F 2  𝜕 K


    M R T S  L , K 1 =     𝜕  F 1  𝜕 L    𝜕  F 1  𝜕 K =    w L C   w K C


    M R T S  L , K 2 =     𝜕  F 2  𝜕 L    𝜕  F 2  𝜕 K =    w L P   w K P =   ( 1 +  t L )  w L C  ( 1 +  t K )  w K C


    M R T S  L , K


   t L ≠  t K


   t L >  t K


    M R T S  L , K


    M R T S  L , K 2 −   M R T S  L , K 1 =    w L C   w K C    t L −  t K  1 +  t K > 0


  I


   u i


   𝐞 i


  2 I


   u i


   𝐞 i


  r


   ℰ r


  r


  r I
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    ∑  i = 1 I    ∑  q = 1 r   𝐱  i q = r   ∑  i = 1 I   𝐞 i
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   𝐱  i q =  𝐱  i q ′
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   𝐞 i
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  r


  𝐱 ≡  (  𝐱 11 ,  𝐱 12 ,  𝐱 21 ,  𝐱 22 )


   ℰ 2


  𝐱 ∈  C 2


  𝐱


   𝐱 11 +  𝐱 12 +  𝐱 21 +  𝐱 22 = 2  𝐞 1 + 2  𝐞 2


  𝐱


   𝐱 11 ≠  𝐱 12


   𝐱 11  ≿ 1  𝐱 12


   𝐱 21  ≿ 2  𝐱 22


  𝐱


     𝐱 ¯ 1 =    𝐱 11 +  𝐱 12 2       and          𝐱 ¯ 2 =    𝐱 21 +  𝐱 22 2


   𝐱 11 ≠  𝐱 12


     𝐱 ¯ 1


   𝐱 12


     𝐱 ¯ 1  ≻ 1  𝐱 12


   𝐱 11


   𝐱 12


   𝐱 12


     𝐱 ¯ 2  ≿ 2  𝐱 22


   𝐱 21 =  𝐱 22


   (    𝐱 ¯ 1 ,    𝐱 ¯ 2 )


   (  𝐱 12 ,  𝐱 22 )


   (    𝐱 ¯ 1 ,    𝐱 ¯ 2 )


     𝐱 ¯ 1 +    𝐱 ¯ 2 =    𝐱 11 +  𝐱 12 2 +    𝐱 21 +  𝐱 22 2


  =  1 2  (  𝐱 11 +  𝐱 12 +  𝐱 21 +  𝐱 22 ) =  1 2  ( 2  𝐞 1 + 2  𝐞 2 ) =  𝐞 1 +  𝐞 2
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     𝐱 ¯ i =  1 r   ∑  q = 1 r   𝐱  i q
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  𝐱 ∈  C r


  𝐱


  𝐱 =  (      𝐱 1 , … ,  𝐱 1 ⏟  r   times ,      𝐱 2 , … ,  𝐱 2 ⏟  r   times , … ,      𝐱 I , … ,  𝐱 I ⏟  r   times )
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  𝐱 =  (  𝐱 1 ,  𝐱 2 , … ,  𝐱 I )
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  r   ∑  i = 1 I   𝐱 i = r   ∑  i = 1 I   𝐞 i ,       so         ∑  i = 1 I   𝐱 i =   ∑  i = 1 I   𝐞 i


   C 1 ⊇  C 2 ⊇ ⋯ ⊇  C r


   (  𝐱 1 , … ,  𝐱 I )


   C 1


   C 2


   C 2


   C 3
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   C 1 ⊇  C 2 ⊇ … ⊇  C  r − 1 ⊇  C r


  r ≥ 2


   C  r − 1 ⊇  C r


  𝐱 =  (  𝐱 1 ,  𝐱 2 , … ,  𝐱 I ) ∈  C r
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  𝐱 ∈  C r


  𝐱 ∈  C  r − 1
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     𝐱 ~ 1


   𝐞 1


   C 2


   ℰ 1


   𝐱 ~


  𝐞


   𝐱 ~


   𝐱 ~


  𝐞


   𝐱 ~


   𝐱 ~ ∉  C 2


   𝐱 ~


   ℰ 2


   𝐱 ~


     𝐱 ~ 11 =    𝐱 ~ 12 =    𝐱 ~ 1


     𝐱 ~ 21 =    𝐱 ~ 22 =    𝐱 ~ 2


  S = { 11 , 12 , 21 }


   1 2  𝐞 1 +  1 2    𝐱 ~ 1


   u 1  (  𝐞 1 ) =  u 1  (    𝐱 ~ 1 )


   𝐞 1 ≠    𝐱 ~ 1


   u 1  (  1 2  𝐞 1 +  1 2    𝐱 ~ 1 ) >  u 1  (    𝐱 ~ 1 )


     𝐱 ~ 2


     𝐱 ¯ 11 ≡  1 2  (  𝐞 1 +    𝐱 ~ 11 )  ≻ 1    𝐱 ~ 11


     𝐱 ¯ 12 ≡  1 2  (  𝐞 1 +    𝐱 ~ 12 )  ≻ 1    𝐱 ~ 12


     𝐱 ¯ 21 =    𝐱 ~ 2


     𝐱 ¯ 11 =    𝐱 ¯ 12


     𝐱 ¯ 11 +    𝐱 ¯ 12 +    𝐱 ¯ 21 = 2 ×  1 2  (  𝐞 1 +    𝐱 ~ 11 ) +    𝐱 ~ 21 =  𝐞 1 +    𝐱 ~ 11 +    𝐱 ~ 21


   𝐱 ~ ∈  C 1


   ℰ 1


     𝐱 ~ 1 +    𝐱 ~ 2 =  𝐞 1 +  𝐞 2


     𝐱 ~ 11 =    𝐱 ~ 1


     𝐱 ~ 21 =    𝐱 ~ 2


     𝐱 ~ 11 +    𝐱 ~ 21 =  𝐞 1 +  𝐞 2


     𝐱 ¯ 11 +    𝐱 ¯ 12 +    𝐱 ¯ 21 =  𝐞 1 +      (    𝐱 ~ 11 +    𝐱 ~ 21 ) ⏟  =  𝐞 1 +  𝐞 2 = 2  𝐞 1 +  𝐞 2


   𝐱 ~


   𝐱 ~ ∉  C 2


  S = { 11 , 12 , 21 }


   𝐱 ¯ =  (    𝐱 ¯ 11 ,    𝐱 ¯ 12 ,    𝐱 ¯ 21 )


   ℰ 1


  𝐱 =  (  𝐱 1 ,  𝐱 2 , … ,  𝐱 I )
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  𝐱
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  𝐱 =  (      𝐱 1 , … ,  𝐱 1 ⏟  r   times ,      𝐱 2 , … ,  𝐱 2 ⏟  r   times , … ,      𝐱 I , … ,  𝐱 I ⏟  r   times )
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  W ( 𝐞 ) ⊆ C ( 𝐞 )


  𝐱


   ℰ 1
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   C r


  r ≥ 1


  𝐱


   ℰ 1


   𝐱 ~
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     p 1   p 2
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  r ≥ 1
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