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Production Function

* Inputs are factors of production, such as labor, capital, land,
and any other element that the firm can transform into

units of output.

* The production function represents how a certain amount
of inputs is transformed into an amount of output q.

 Example:
q = f(LK)

This production function describes how specific amounts of labor
L and capital K are transformed into an amount of output q.
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Production Function

* Example 7.1: Examples of production functions.
* The Cobb-Douglas function is
q =AK*LP,
where A is a positive parameter, and «, € (0,1).
e ConsiderA=3,a=p0 = %, K = 4 machinesand L = 9
workers.
* The maximum output the firm can generate is
g = 3 x 4172 x 91/2 = 18 units.
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Production Function

* Example 7.1 (continued):

* If instead the firm produces only 14 units, it is not efficiently
managing its available inputs.

 The firm’s efficiency is

2 =077
18
e Alternatively, the firm has an inefficiency level of
1—-0.77 = 0.33.
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Production Function

* Example 7.1 (continued):
* Other types of production functions are:

(1) g = aK + bL, where a, b are positive parameters, and
K, L enter linearly.

(2) g = Amin{aK, bL}, where A, a, b are positive
parameters, and K and L must be used in a certain
proportion.

(3) g = AK* + bL, where A, a, b are positive parameters,
and one input (in this case L) enters linearly and the
other input enters nonlinearly.
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Marginal and Average Product
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Average Product

* The average product is the total units of output per unit of

input.
* The average product of labor is AP; =

|| hm

* The average product of capital is APy

* Example:
* If a firm produces g = 100 units of output, and hire L = 4

workers, its average product per worker is

AP, = 22 = 25 units.

* Every worker produces on average 25 units (“labor
productivity”).
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Average Product

* When labor productivity in a country grows, the ratio AP; =

% must go up.

e Reasons:

1. Total output increases while number of employed workers
remains constant.

2. Total output remains unaffected, but workers are fired after
firms automate the production process.

3. Total output increases and more workers are hired, but the
former
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Average Product

» Consider Production function ¢ = 100+/L:

At A,
e L, =4. 94
* g4 = 200.
* AP, = % = 50 units. B0 b g
« AtB,
+ Lg = 16. A
* gz = 400. 200 - 5
* AP, = % = 25 units. i
4 1:6
Figure 7.1
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Average Product

* Example 7.2 (continued):

* Consider production function g = 5LY/? + 3L — 6.

* The average product of labor is

q 5LY2+3L-6

A =177 L,
=527 43—
5 6
=71 + 3 — T
* As L increases, AP; increases if agfL > 0,
5 6
-—+520,

212
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Average Product

* Example 7.2 (continued):

6 - 5
12 T 2L3/7
5 12 1
L3/2—2 >_:_>L§
12 5

L<144~576 k
_25: . WOrkKers

 AP; increases (decreases) in L forall L < 5.76 (L > 5.76).

* AP, reaches it maximum when L = 5.76 workers.

Intermediate Microeconomic Theory
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Marginal Product

 The marginal product is the rate at which total output

increases as the firm uses an additional unit of either input.

* The marginal product of laboris MP; = i—z when labor is

. 9 . .
discrete or — when it is continuous.

oL
* The marginal product of capital is MPy = i—z when capital is

. 9 L .
discrete or a—z when it is continuous.

* Graphically, the marginal product of an input can be
interpreted as as the slope of the function when we
marginally increase the amount of that input.

Intermediate Microeconomic Theory

14



Marginal Product

« Consider production function g = 100+/L.

(@

400

200

MP; as the slope of the

¢4 production function

B
4
4 16
Figure 7.2

» ]

&) MP, directly

MP;
4 __ 50 50 .
At A, MP,, = 57 = — = 50 units.
40 50 50 .
At B, MPLB = m = T = 12.5 units.
301
25
201
12.5
10} !
45 10 1516 20

MP; is diminishing.
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Marginal Product

* Example 7.3: Finding marginal product.

e Consider the same production function g = 5L/? + 3L — 6.

* The marginal product of labor is

dq 1. 5
= — =5 - /2-1 =
MP; Y 52L + 3 S11/2

* As L increases, MP; decreases because

+ 3.

az(\;sz = —>_<0,whereL > 0.

412

» Additional workers bring more production to the firm, but a
decreasing rate.

Intermediate Microeconomic Theory
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Relationship between AP, and MP,
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Relationship between AP, and MP,

* The AP; and MP; exhibit interesting relationships:
1. When the AP; curve is increasing, MP; lies above AP;;
2. When the AP; curve is decreasing, MP; lies below AP, ;

3. When the AP; curve is increasing, MP; curve crosses AP; .

* Example: Consider grades in a class.
* You take a midterm exam. A few days later, the instructor informs
how your average grade in the class is affected by the midterm:

* the midterm increases your average if the midterm grade is higher
than your previous average (MP > AP); or

* the midterm decreases your average if the midterm grade is lower
than your previous average (MP < AP); or

* The midterm does not affect your average if the midterm grade
coincides with your previous average (MP = AP).
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Relationship between AP, and MP,

* The MP; curve crosses the AP; at the maximum point (the
peak) of the AP; curve.

* Consider production function g = f(L).

* The average product per worker is AP, = % = %
* To find the number of workers, L, at which AP, reaches its

maximum,
0AP, _ f'(DL—1f(L) _
oL 12 =0,
where we have used the quotient rule.

* As f'(L) is the marginal product of labor, MP;, = Z—Z,
MP,L—-1f(L) MP, f(L) _ 0
L2 L 2
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Relationship between AP, and MP,

* Multiplying both sides by L,

* Note that % = AP;, then
MPL = APL

* This equation tells that, at the maximum of the AP; curve,
the MP; curve crosses the AP; curve.
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Relationship between AP, and MP,

Figure 7.3

* When the AP, curve is increasing, MP; lies above AP;;
* When the AP, curve is decreasing, MP; lies below AP, ;

* When the AP; curve is increasing, MP; curve crosses AP; .
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Relationship between AP, and MP,

* Example 7.4: Relationship between AP; and MP;.

* Consider the production function in examples 7.2 and 7.3,
q = 5L'% + 3L — 6.

* From example 7.2,

5 6
APL — m + 3 — z,
which reaches its maximum at L = zi: = 5.76, where its
height becomes,
5 6
AP, —W+3 — = 4.04.
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Relationship between AP, and MP,

* Example 7.4 (continued):

* If we evaluate the MP; curve from example 7.3

MP,

= 211/2
at the same L = 5.76, the height of the MP; curve is

5

MP, = 2(5.76)1/2

+ 3 = 4.04,

confirming that the MP; crosses the AP; at its maximum
point.
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|[soguants

 The isoquant curve represents combinations of labor and
capital that yield the same amount of output.

K
* At 4, the firm uses an input f : g—100
combination intense in capital. |

At B, it uses a labor-intense
input combination, producing
the same g = 100 than at A. y

* At C, the firm reaches a higher 5
OUtpUt; q —_— 200 """" i 1 -------------------------------------

i
Figure 7.4



|lsogquants

 The isoquant curve represents combinations of labor and
capital that yield the same amount of output.

» N

g=100

* The shaded areas are
unprofitable for the firm.

* It would not choose A, or A5
because it can reach the same
output with less inputs at A;.

Ay

i
Figure 7.4



|[soguants

* Example 7.5: Finding isoquant curves for a Cobb-Douglas
production function.

e Consider a Cobb-Douglas production function g = 5L1/2K/2.
* To find the isoquant corresponding to g = 100 units:
* Insert this output level into the production function,
100 = 5LY/2K1/2,
20 = LY/2K1/2,
* Solve for capital X,

202 = (L1/2K1/2)2,

400
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|[soguants

* Example 7.5 (continued):

400
* Graphically, the isoquant K = a

* is acurve approaching the vertical axis when L is close to
zero (but it never crosses this axis);

* and that approaches the horizontal axis when L is larger
(without ever crossing).

Intermediate Microeconomic Theory
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Marginal Rate of
Technical Substitution
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Marginal Rate of Technical
Substitution

* The slope of the isoquant answers the question:

How many units of capital must the firm give up to maintain
its output level unaffected after hiring an extra worker?

* Marginal rate of technical substitution (MRTS). After
increasing the quantity of labor by 1 unit, the MRST
measures the amount by which capital must be reduced so
that output remains constant.
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Marginal Rate of Technical
Substitution

K A

Large K=80
decrease

=

Small K=60
decrease * K=50

inkK

4 5 6 L
—
1 more 1 more

worker worker

Figure 7.5
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Marginal Rate of Technical
Substitution

* Intuitively,

 When capital is abundant, the firm is willing to give up many
units of capital to hire one more worker.

* When capital becomes more scarce, the firm is less willing to
replace it with workers.
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Marginal Rate of Technical
Substitution

* Example 7.6: Finding the MRTS of a Cobb-Douglas
production function.

Consider a firm with ¢ = 8LY/2K1/2.

MP, = 8= L1/271K1/2 = 41-1/2K1/2,
2

MPy = 8> LY/2K1/271 = 41 1/2K~1/2,
2

Hence, the MRTS is
VRTS — MPp, 4Lk K
- MPy  4LY2K-1/2 L

which is decreasing in L.

Graphically, the slope of the isoquant (MRTS) falls as we move
rightward toward more units of L. That is, the isoquant is
bowed in form the origin.
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Marginal Rate of Technical
Substitution

* Example 7.7: Finding the MRTS of a linear production
function.

* Consider a firm with g = aL + bK, where a,b > 0.
MP; = a and MPy = b.
Hence, the MRTS is

MRTS = 2L _ @
~ MPy b’
which is not a function of L or K. It is just a constant.
e ifa=6andb =3, MRTS = ® = 2. The slope of the isoquant

3
would be —2 in all its points.

Graphically, the isoquant would be a straight line.
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Special Types of
Production Functions
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Linear Production Function

* The linear production function takes the form
q = alL + bK, where a, b are positive parameters.

* Solving for K, the isoquant of this production function is a straight
line
q a

K=+——L
b b

where % is the vertical intercept and % denotes its negative slope.

* The slope (MRTS) is constant along all points of the isoquant
because % is not a function of L or K.

* The firm can substitute units of capital and labor at the same rate
regardless of the number of input that it employs.

Intermediate Microeconomic Theory 36



Linear Production Function

A

Q~|¥Q

a-|::

4
Figure 7.6 a

* Linear production functions can represent firms capable of
substituting between inputs, such as two types of oils or
computers.

Intermediate Microeconomic Theory
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Fixed-Proportions
Production Function

* The firm cannot substitute between inputs and still maintain
the same output level.

* Instead, the firm must use inputs in a fixed proportion.
* This production function takes the form

q = Amin{alL, bK}, where A, a, b are positive.
* Example: ¢ = min{2L, 3K}.

* An increase in one input without a proportional increase in
the other input will not result in an increase in production.
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Fixed-Proportions
Production Function

K A
4 a
K=-—+L
b
/
/
/
/
/
q /
A6 2K
>
/ >
q
Aa L
Figure 7.7
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Fixed-Proportions
Production Function

* Depending on the amounts of L and K, the firm faces either
of the following cases:

1. If min{aL, bK} = aL (when al < bK), k%
q = Aal. /

Solving for L, L = i, which is a vertical b
_ Aa /

line. /

In this example, ¢ = min{2L, 3K}, if Y

the firm produces g = 100, the vertical /

segment of the isoquant happens when q /
2 4| 2K
2L < 3K = gL <K, /

where the vertical line lies at é;

__q __ 100 K
= da 2 WOrKers. Figure 7.7

|
~w
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Fixed-Proportions
Production Function

* Depending on the amounts of L and K, the firm faces either
of the following cases:

2. Ifmin{aL, bK} = bK (when alL > K4
bK), g = AbK. /
. _qa C
Solving for K, K = T which is a y b
horizontal line. /
In this example, ¢ = min{2L, 3K}, if Y
the firm produces g = 100, the /

horizontal segment of the isoquant q /
occurs when 4b| ol

2L<3K=>L>§K, v

where the horizontal line lies at Aa
Figure 7.7

|
~w

100 . :
K = :—b = units of capital.
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Fixed-Proportions
Production Function

* Depending on the amounts of L and K, the firm faces either
of the following cases:
3. If min{aL, bK} is either aL or bK K4
(when al = bK), q = AalL = AbK. Y
This occurs at the kink of the isoquant. b

Solving for K, yields a kink at K = %L. /

In this example, ¢ = min{2L, 3K}, the %
kink happens at /

K ==L B[ MK
3 /
Graphically, the kinks of all isoquants /

are crossed by a ray from the origin Ta
, 2
with slope 3 Figure 7.7

M~ w
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Fixed-Proportions
Production Function

 The MRTS is not well defined because we can find infinitely
many slopes for the isoquant at its kink.

* We can nonetheless say the slope of the isoquant is infinite
in its vertical segment, and zero in its horizontal segment.

* This type of production function is common in firms that
cannot easily substitute across inputs without altering total
output.

* Examples:

* Firms in the chemical industry.

* Firms with a highly automated production process.

Intermediate Microeconomic Theory
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Cobb-Douglas
Production Function

* The Cobb-Douglas production function takes the form

q = AL*KP where 4, a, 8 are positive.

* Example:lfA=1landa = =1/2,
g = LY/2K1/2,
We find the isoquant
g% = (L1/2K1/2)2,
g% = LK,
q>

K="
L

Intermediate Microeconomic Theory
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Cobb-Douglas
Production Function

The slope of the isoquant (MRTS) becomes

MPp,
MP,
1/2L-Y/2K1/2
1/2L1/2K—1/2
K1/2+1/2

~ [1/2+1/2
K

T

MRTS =

Intermediate Microeconomic Theory
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Constant Elasticity of Substitution
Production Function

* The constant elasticity of substitution (CES) production
function takes the form

o— 1
¢ =(al% +bK5)
where o represents the elasticity of substltution.

* When o — oo, CES coincides with the linear production
function, where the firm can substitute inputs.

* When o = 0, CES converges to the fixed-proportion
production function.

* When o = 1, CES coincides with the Cobb-Douglas
production function.
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Returns to Scale
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Returns to Scale

e Returns to scale. Consider that all inputs are increased by a

common factor, A > 1. Hence,L is increased to AL, and K is
increased to AK. If the firm increases as follows:

e A% > A (when a > 1), the firm exhibits increasing
returns to scale.

« 1% < A (when a < 1), the firm exhibits decreasing
returns to scale.

¢ A% = A (when a = 1), the firm exhibits constant returns
to scale.
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Returns to Scale

e Consider a firm doubling the units of all inputs (1 = 2):

* If output increases more than proportionally (more than
double), we have increasing returns to scale.

* If output increases less than proportionally (it falls short
from doubling), we have decreasing returns to scale.

* If output increases proportionally (exactly doubling), we
have constant returns to scale.



Returns to Scale

* Example 7.8: Testing for returns to scale.
* Consider a Cobb-Douglas production function
q = AL*KB.
* If we increase all inputs by A, (AL and AK), total output is now
AAL*(AK)P = AA* L AP KB,
A9+B(AL*KP) = A9tBq.
\ J

!
q
e Output increased by 1%*# | giving rise to 3 possible cases:
 Ifa+ f > 1, increasing returns to scale.

* If a + f < 1, decreasing returns to scale.
* IfIfa + f = 1, constant returns to scale.
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Returns to Scale

* Example 7.8 (continued):

* Consider a linear production function
q = alL + bK.

 If we increase all inputs by A, total output becomes
a(AL) + b(AK) = /'l\(aL + bK), = Aq.

q
e QOutputincreased proportionally to inputs. The firm’s

production process exhibits constant returns to scale.

Intermediate Microeconomic Theory
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Returns to Scale

* Example 7.8 (continued):
* Consider a fixed-proportions production function
q = Amin{alL, bK}.
* If we increase all inputs by A, total output becomes
Amin{aAL, bAK} = /1‘Amin{aL, bK }’ = Aq.
v

q

e Output responds proportionally to a given increase in inputs.

The firm’s production process exhibits constant returns to
scale.

Intermediate Microeconomic Theory

52



Technological Progress
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Technological Progress

* Firms often benefit from technological advances that allow them
to produce more output using the same amount of inputs.

* Mathematically, for a given pair of inputs L and K,

* the firm can produce g, units of output before the
technological progress,

* but it can produce g, afterward (where g, > q4).

« Example: If the firm’s production function is g = A;L*K? before
technological progress, afterward it could be

e g = A,L*KP;
e g = A L**YKP (wherey > 0); or
e g = A{L*KF*Y (wherey > 0).

Intermediate Microeconomic Theory

54



Technological Progress

* Example 7.9: Testing for technological progress.
* Consider a firm which production function changes from
q = L°KP to q = L?*KP.
* The firm benefits from technological progress because
LAKP < 12%KP,
L <L?

* This condition holds true for any number of workers L > 1.

Intermediate Microeconomic Theory
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Types of Technological Progress

» Technological progress can be of three types:
* Labor enhancing.
e Capital enhancing.

 Neutral.

56



Labor-enhancing Tech Progress

e Technological progress is labor enhancing if it increases the
marginal product of labor more than that of capital,

AMP, > AMPy.

* Example:

* If higher education allows workers to be more
productive while capital does not increase its marginal
product as quickly.
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Labor-enhancing Tech Progress

e As aresult,

MP; .
MRTS = —~ increases.
MPy

e Graphically, the firm’s isoquant becomes steeper after the
technological progress.

* The firm is willing to give up more units of capital to hire one
more worker.

* Also known as “capital saving.”
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Capital-enhancing Tech Progress

Capital-enhancing technological progress means that capital
increases its marginal product faster than labor does,

AMP, < AMPy.

* Example: If new software makes each unit of capital more
productive while labor does not increase its marginal product as
much.

MP
As a result, MRTS = —% decreases.
MPg
Graphically, the firm’s isoquant becomes flatter after the
technological progress.
* The firm is willing to give up fewer units of the more productive
capital to hire one more worker.

Also known as “labor saving.”
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Neutral Tech Progress

» Technological progress is regarded as neutral if the marginal
product of labor and capital increase at the same amount,

AMPL — AMPK
e Asaresult, MRTS = ko is unaffected.
MPg

* Graphically, the firm’s isoquant does not change its slope
after the technological progress.

* The firm is willing to give up as many units of capital to hire one
more worker.
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Technological Progress

* Example 7.10: Identifying the type of technological progress.
* Consider the firm in example 7.9.

» Before technological change,

aK
while afterward it becomes
2 K
MRTSPOSt == ?z

 Comparing them,
MRTSp,, < MRTSp g1,

Indicating that the technological progress is labor enhancing.
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Appendix A.
MRTS as the Ratio of Marginal Products



VIRTS as Ratio of Marginal
Products

: : MP
We show that the slope of the isoquant is measured by M—PL.
K

Consider a firm with production function g = f (L, K).

To evaluate the slope of the isoquant, we simultaneously increase
labor (e.g., by 1 unit) and decrease capital.

Hence, we totally differentiate the production function with
respectto L and K

_ /(LK) of (L, K)
=———dL+——d

MmP, MPy

K,

\ J \ J
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VIRTS as Ratio of Marginal
Products

* Because we are moving along different points of the firm’s
isoquant, the output level is the same, entailing dg = 0. Then,

dq = MP;dL + MPydK,
0 = MP,dL + MPydK,
MPrdK = —MP,; dL.

* Because we are interested in the slope of the isoquant, we solve
for — Z—Iz, which reflects the rate at which the firm needs to
decrease K if L increases by 1 unit,

dK _ MP;
dL T MPyg

\ )] J
I I

Slope of  Ratio of marginal
isoquant  products (MRTS)

Intermediate Microeconomic Theory
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Appendix B.
Elasticity of Substitution
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Elasticity of Substitution

* The elasticity of substitution is a common measure of how
easy it is for a firm to substitute labor for capital,

©),- @),

K K
__MAT (),
® = %AMRTS ~ MRTS; — MRTS,
MRTS,

* The elasticity of substitution tells us that, if the MRTS

. . . . K
increases by 1%, the capital labor ratio that the firm uses, o

increases by a%.

Intermediate Microeconomic Theory
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Elasticity of Substitution

* Finding MRTS at two points to obtain o.

KA
AtA: XA -2 _ 5 AtB: 2B -2 _ 08
Ly 4 Lp 10
) MRTS, = 6. MRTSg = 2.
K K
(7),- (1),
(5 ) 08—75 084
. L], __ 5 _—vox
O = MRTS, —MRTS, ~ 2-6 ~ 2 _ %5
MRTS, 6 3
L,—4 L,~10 4
Figure 7.8

If the MRTS decreases by 2/3 (about 66%), K /L decreases more than
proportionally, by 84%.
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Elasticity of Substitution

e Linear production function.

* If the firm has a linear production function, g = alL + bK, its
isoquants are straight lines.

 MRTS = % is constant along all the points of the isoquant.
K K
@), (D),
K
L),
(7)

g = = +o00,
0

* Regardless of % change in the K /L ratio, the elasticity of
substitution is infinite.

* The firm can substitute labor for capital very easily without
altering its output.

Intermediate Microeconomic Theory
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Elasticity of Substitution

* Fixed-proportions production function.
e Consider a firm with production function
q = Amin{alL + bK}.

* MRTS changes drastically as we move rightward, from the
vertical to the horizontal segment of the L-shaped isoquant.

©),- @),

* The firm cannot easily substitute units of labor for capital
without affecting its output level.
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Elasticity of Substitution

e Cobb-Douglas production function.

* Consider a firm with production function g = AL*K”.

 First, rewrite the definition of the elasticity of substitution,

K
K ATI K
_ WAL T _ AT MRS
7~ %AMRTS ~ AMRTS ~ AMRTS K
MRT L

* Second, we find the MRTS,

MP, «AL*"'KF aK

MRTS = = =——,
MPy BAL*KF-1 B L

Intermediate Microeconomic Theory
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Elasticity of Substitution

e Cobb-Douglas production function (cont.).
* Rearranging the expression of the MRTS vyields the capital-

labor ratio,

mrrs = 2%
=T
p

K
MRTS — = —
a

p K
AMRTS — —
a L

=A
K

Ar B E
AMRTS «

)

(7.1)

Intermediate Microeconomic Theory
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Elasticity of Substitution

e Cobb-Douglas production function (cont.).
a K

* From the MRTS, MRTS = 5L we also know
MRTS «

L
* Inserting (7.1) and (7.2) into the definition of elasticity of

substitution,

\ ]\
L '

T
From (7.1) From (7.2)

* Therefore, the Cobb-Douglas production function has o = 1,
regardless of the value of parameters 4, a, 5.
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Elasticity of Substitution

e CES production function.

e Consider a firm with production function
o1 o-1y-1
g=(at o +pK ).

* To find its elasticity of substitution, we first obtains its MRTS,

1 1
VRTS — MpP, al o a <K)E
MPe -1 b\L
a 1 K
IN(MRTS) = In—+ —In (—),
b o L

1 K a
—In (—) = In(MRTS) — ln—.
o L b
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Elasticity of Substitution

* CES production function (cont.)

* Multiplying both sides by g, yields

K a
In (z) = gln(MRTS) — alnz.

* Therefore, the elasticity of substitution between labor and
capital is the derivative of this expression with respect to

In(MRTS),
on (%)
L =0
dln(MRTS) ~ '
which coincides with the term o in the exponent of the CES
function.

Intermediate Microeconomic Theory
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